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Abstract

For 0 < p < co we let DZ,1 denote the space of those functions f which are analytic in
the unit disc A = {z € C: |2| < 1} and satisfy [, (1 — |2|)?""|f'()[" dzdy < co. The
spaces D;Ll are closely related to Hardy spaces. We have, D§71 C HP,if 0 < p <2, and

H? C ’Dgfl, if 2 < p < co. In this paper we obtain a number of results about the Taylor

coefficients of Dg_l—functions and sharp estimates on the growth of the integral means
and the radial growth of these functions as well as information on their zero sets.

Keywords and phrases: Spaces of Dirichlet type, Hardy spaces, Bergman spaces, integral
means, radial growth, sequences of zeros.

1. Introduction and main results

We denote by A the unit disc {z € C: |z| < 1}. If f is a function which
is analytic in A and 0 < r < 1, we set

My ) = (& 7, fretrat) L0 <p<oo,
I(r, f) = Mg(r, f), 0<p<oo,
MOO(ra f) = SUpP|z|=r |f(Z)|

For 0 < p < oo, the Hardy space HP consists of all analytic functions f in

the disc for which
def
[ fllae = sup M,y(r, f) < co.
0<r<1

We refer the reader to [10] and [13] for the theory of Hardy spaces.
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If 0 < p<ooand a> —1, we let AL denote the (standard) weighted
Bergman space, that is, the set of analytic functions f in A such that

/ (1~ |21 f ()P dA(2) < oo.
A

Here, dA(z) = %dm dy denotes the normalized Lebesgue area measure in A.
The standard unweighted Bergman space Al is simply denoted by AP. We
mention the [11] and [18] as general references for the theory of Bergman
sapces.

The space D5 (p > 0, « > —1) consists of all functions f which are
analytic in A such that f' € A%. The space D3 is the classical Dirichlet
space D. For other values of p and « the spaces D5 have been extensively
in a number papers such as [27, 28, 30, 33| (for p = 2) and [3, 8, 34, 36]
for other values of p. If p < o+ 1, it is well known that D§ = A}, with
equivalence of norms (see Theorem 6 of [12]). For o = p — 2, the space D4
is the Besov space BP (cf. [2]).

The space D} is said to be a Dirichlet space if p > a + 1. In this paper
we shall be primarily interested in the “limit case” p = a+ 1, that is, in the
spaces Dg_l, 0 < p < oo, which are closely related to Hardy spaces. Indeed,
a classical result of Littlewood and Paley [19] (see also [20]) asserts that

HY CD) |, 2<p<oo. (1)
On the other hand, we have
Dg_l CHP, O0<p<2, (2)

(see Lemma 1.4 of [34]). Notice that, in particular, we have D} = H?2.
However, we remark that if p # 2 then

HP £ D, 3)

This can be seen using the characterization of power series with Hadamard
gaps which belong to the spaces Dg_l.

PropoSITION A. If f is an analytic function in A which is given by a
power series with Hadamard gaps,

f(z) = Z agz"™ (z € A) with ngq > Ang for all & (A > 1),
k=1

then, for every p € (0, 00),

[o.¢]
feDE | = D |ulf <.
k=1



Since for Hadamard gap series as above we have, for 0 < p < oo,

o0
fEHN = > |af’ < oo,
k=1

we immediately deduce that Dﬁq # HP if p # 2. We remark that Propo-
sition A follows from Proposition 2.1 of [7]. In section 2 we shall see that
Proposition A can also be deduced from the following theorem which gives
a condition on the Taylor coefficients of a function f, analytic in A, which
implies that f € Dﬁ_l

THEOREM 1.1. Let f be an analytic function in A, f(z) = > 07 janz"
(z € A).
(i) If 0 < p < o0 and

z( 5 mw) . "
n=0 \kel(n)

then f € Dﬁ_l.
(1) If 0 < p < 2 and

- p/2
2| 2 ll] <o (5)
n=1 \kel(n)
then f € D£—1
Here and throughout the paper, for n = 0,1,..., I(n) is the set of the

integers k such that 2" < k < 2"+1,

Notice that, if 0 < p < 2, then (4) = (5). Hence, for p € (0,2], (ii)
is stronger than (i). We remark also that if 0 < p < 2 then the condition
>0 o lan|? < oo implies (5). Consequently, (ii) improves Lemma 1.5 of [34].

In Theorem 1.2 we give a condition on the Taylor coefficients of an
analytic function f which is necessary for its membership in Dg_l if2<p<
00.

THEOREM 1.2. Let f be an analytic function in A, f(z) = > 07 janz"
(2€A). If2<p<ocand f €Dy, then

p/2

S Y Jawl < 0. (6)

n=1 \kel(n)



If 0 < p < 2 then (3) can be seen in some other ways. Rudin proved
in [29] that there exists a Blaschke product B which does not belong to
D} (see also [24]). Vinogradov [34] extended this result showing that for
every p € (0,2) there exist Blaschke products B which do not belong to
Dy . This clearly gives that D) | # HP if 0 < p < 2, a fact which
can be also deduced from the results of [9] and of [14]. In contrast with
what happens for 0 < p < 2, it is not easy to give examples of functions
fe D£—1 \ H? for a certain p € (2, 00) which are not given by power series by
Hadamard gaps. Since HP C Dﬁq if p > 2, any Blaschke product belongs
to ﬂ2§p<ooD£_1. Also, for a number of classes F of analytic functions in A
we have F N Dﬁ_l =FNHP (0 < p < oo). For example, it is very easy to
prove the following Lemma.

LEMMA 1.3. (i) Ifa > 0,0 <p < oo and f(z) =1/(1 —2)%, (z € A),
then
feH & feDl, & ap<lLl

.. _ 1
(i) If a, >0, p € (0,00) and f(z) = =5 (log )7 (z € A), then

feH! & fGDg_l & ap<landB>0o0rap=1and fBp > 1.

A much deeper result is stated in Theorem 1 of [6] which asserts that, if
U denotes the class of all univalent (holomorphic and one-to-one) functions
in A, then UNHP = Z/lﬂDg_l for all p > 0 (see also [25] for the case p = 1).

In spite of these facts we shall prove that, for every p € (2,00), there are
a lot of differences between the space HP and the space D;’_l. In section 3 we
shall be mainly concerned in obtaining sharp estimates on the growth of the
integral means of D) _,-functions. If 0 < p < 2 and f € D), then f € H?
and, hence, the integral means My(r, f) are bounded. This is no longer true
for p > 2. Our main results in section 3 are stated in the following two
theorems.

THEOREM 1.4. If 2 <p < oo and f € Dg_l, then

(1)

Mp(r,f):O<<log11r)>, as - 1. (7)

Mg(T,f)zO((loglir>%_;), a5 1. (8)

(i)




THEOREM 1.5. If 2 < p < oo and 0 < B < £ — L then there exists a

2 p
unction f € DY such that
p—1

. <)
exp (;ﬂ/_ 10g|f(reit)|dt> #0<<10glir) >, asT—17. (9

Notice that since exp <217r J7 log|f(re')| dt) < My(r, f), Theorem 1.5

shows that part (ii) of Theorem 1.4 is sharp in a very strong sense.

REMARK. Using Theorem 1.4 we can obtain an upper bound on the
integral means Mgy(r, f), 2 < ¢ < p, of a function f € Dg_l. Indeed, if

q € (2,p) then ¢ = pA\ + 2(1 — \), where A = g%g € (0,1). Consequently,
using Theorem 3 and Hélder’s inequality with exponents % and ﬁ we see
that, if f € D) | and 2 < ¢ < p, then

1 n
My(r, f) = (<10g1_r> ), asr — 1,

where n = n(p,q) = A+ E2(1 - X) and A = =3

In section 4 we shall study properties of the sequences of zeros of non
trivial Dﬁfl—functions. If 0 < p <2 then Dgfl C HP and, hence, the se-
quence of zeros of a non-identically zero Dg_l—function satisfies the Blaschke
condition. This does not remain true for p > 2. Our main results about the
sequences of zeros of functions f in the space Df;_l, 2 < p < oo, are stated
in Theorem 1.6 and Theorem 1.7

THEOREM 1.6. Suppose that 2 < p < oo and let f be a function which
belongs to the space Dgfl with f(0) # 0. Let {z,}72, be the sequence zeros
of f ordered so that |zx| < |zgs1|, for all k. Then

N 11

1 2°p
|| — =0 <logN> , as N — oo. (10)
i 17

From now on, if f is a non-identically zero analytic function of zeros and
{#}72, is the sequence zeros of f ordered so that |z| < |zx41], for all k, we
shall say that {z}°, is the sequence of ordered zeros of f. Theorem 1.7
asserts that Theorem 1.6 is best possible.



THEOREM 1.7. I[f 2 < p < o0 and 0 < < + — 1

5 then there erists
a function [ € Dﬁfl with f(0) # 0 such that if {2}, is the sequence of

ordered zeros of f, then
N 38
H—;«éo <logN> , as N — oc. (11)
i 17l

As a consequence of Theorem 1.6 and Theorem 1.7 we obtain the follow-
ing result.

COROLLARY 1.8. If2 < p < g < oo then there exists a sequence {z} C
A which is the sequence of zeros of a Dgfl—function but is not the sequence
of zeros of any Dg_l-functz'on.

Hence the situation in this setting is similar to that in the setting of
Bergman spaces (see Theorem 1 of [17]).

Next we shall get into the proofs of these and some other results but,
before doing so, let us remark that, as usual, we shall be using the conven-
tion that Cp ... will denote a positive constant which depends only upon
the displayed parameters p, «, ... but not necessarily the same at different
OCCUTITENCES.

2. Taylor coefficients of D£—1 functions.

We start recalling the following useful result due to Mateljevic and
Pavlovic [21] (see also Lemma 3 of [5] and [22]) which will be basic in the
proofs of Theorem 1.1 and Theorem 1.2.

LEMMA B. Let a > 0 and p > 0. There exists a constant K which
depends only on p and « such that, if {a,}>2 is a sequence of non-negative
numbers, tn, = 3 pcr)an (n = 0) and f(z) = 307, anz™ 1 (z € (0,1)),
then

e 1 e
K71y oo < / (1—2) ' fla)Pde <K 27",
n=0 0 n=0

ProoFr. Take p € (0,00) and let f be analytic in A,

f(z2) =) anz", ze€A. (12)



Suppose that (4) holds. Using Lemma B and (4) we see that

! P11 _ 2\p—1 ! _ \p—1 = n n—1 "
/A|f(z)| (1 —[=]%) dA(Z)SCp/O (1—-7) (Z |an|r > dr

n=1
5 5 ) 2o 3 )
n=0 kel(n n=0 kel(n
<C, i( Z |ak|) < 00.
kel(n)

Hence, f € D, _; and the proof of (i) is finished.

Suppose now that 0 < p <2, fis asin (12) and satisfies (5). Using that
My(r, f') < May(r, f') for all 7 € (0, 1), making the change of variable r? = s
and using Lemma B, we obtain

1
[repa-zprtaae =2 [ o -2 e o i
A 0
1 1 p/2
<2/ r(1— )P~ My (r, )P dr —2/ (1—7r?) <Zn2]a |22 2) dr
0
p/2 00 p/2
<C/ (1—s)P (Zn2]an|2 e 1) ds < CpZQ_”p< Z k:2|ak|2>
n=0

kel(n)

<C, Z( > |ak|2) " < 0.

kel(n

Hence, f € Dg_l. This finishes the proof of (ii). O]

Next we shall see that Proposition A can be deduced from Theorem 1.1
as announced.

PROOF OF PROPOSITION A. Let f be an analytic function in A given by a
power series with Hadamard gaps

z) = Zajz"j with 0+ o L>A>1forallj, (13)
» j

and suppose that Z‘;’;l laj|P < oo. Using the gap condition, we see that
there are at most C) = logy 2 + 1 of the n’s in the set I(n). Then there
exists a constant C) ;, > 0 such that

0 p 00
Z( > aj\) < Chap Y lagl? < o0,
)

n=0 \ jel(n j=1



consequently, using Theorem 1.1, we deduce that f € D

To prove the other implication suppose that f is asin (13) and f € D£—1
for a certain p > 0. It is well known (see Chapter V' of Vol. I of [38]) that
there exist constants A(\, p) and B(\,p) such that

AN p)MZ (r, f) < ME(r, ) < B\, p)M3(r, '), 0<r<1.

This and Lemma B give

1
o> [IFEPA 2P dAR) = [ e = Mgt ) dr

> A()\,p)/ r(l— rz)p_lMg(r, f)dr

0

1
Z A(}\,p)/ 1 — 7" (Zn‘]Q’a,]’Q 2nj_2> dr
0
1
ZA()\,p)/ t(1 —t)P Zn32|aj| =1 dt
0

2

ZCpA(/\p)Z?"p( > ”jz\ajl2>

n=0 njel(n)

00 p 00
chAu,p)Zz—”w”p( > |aj|> > Crp AN p) > lagl?.
n)

n=0 njel( =0

We remark that the last inequality is obvious if p > 1 and, in the case
0 < p < 1, follows using again the fact that there are at most Cy = log, 241
of the n/s in the set I(n). Thus, we have 3 72 [a;|P < co. This finishes the
proof. [

PROOF OF THEOREM 1.2. Suppose that 2 < p < oo and f € DY

o
= E anz",
n=0

Using Lemma B, bearing in mind that k < 2" if k € I(n), making a change



of variable and using that, since p > 2, Ma(r, f') < M,(r, '), we obtain

- p/2 p/2
Z Z ‘ak‘Q < sznp Z k2|ak]2
n=1 \kel(n n=1 kel(n

/2
<G, / (1—t)P (ZnQ\any - 1) dt
SCP/ (1 —r2)pt <Z nzan]27“2"_2> dt

0 n=1

1
<G, [ =My gy < o

3. Growth properties of Dﬁ_l-functions

In this section we shall be mainly interested in obtaining sharp estimates
on the growth of functions f in the spaces Dp 1 (2<p<o0).

3.1. Integral means estimates Let us start with estimates on the
growth of the maximum modulus My (7, f). We can prove the following
result.

THEOREM 3.1. Let f be an analytic function in A. If f € D,_;, 0 <
p < oo then

My (r, f) = o<11>, asr — 17. (14)
(I—r)r

PROOF. Let f € Dﬁ_l and z € A. Let D(z) denote the open disc

{wE(C:]z—w|< 1_2|Z|}

Clearly, D(z) C A. Since the function z — |f’(2)|P is subharmonic in A, we
have

C [ prie s —C [ P
DG Joes) @I dAW) = g2 /D(Z) |/ (@) P dA(w).

(15)

()" <

It is clear that

(1—1z*) = (1 —-|w?, weD(), zecA.



Using this and (15) we obtain

p—1
rOr g tpe ) [11:'2'] £ dA)

(16)
Cp / 1y
= (1 —|w))Pf (W) |P dA(w).
1= 2P Jpee) ‘ | )| (w)
On the other hand, since f € D} _,, it follows that
[ @l @ daw) = o), asfel -1,
D(z)
which, with (16), implies
/ 1 -
Moo(r, f) =0 ——— 7 |, asr—17, (17)
(1—r)''>
and (14) follows by integration. O

REMARK. We observe that for any p € (0,00), the exponent 1/p in (14)
is the best possible. Even more, if we take

-8
Fo2) = (1 - z>—1/p<log = ) . zeA

with 3 > % then, as we noticed in Lemma 1.3, f, 3 € Dﬁ_l and it is easy to
see that

-8
1
Moo (r, f) =~ (1—r)1/p<10gH> , 0<r<l.

So condition (14) in Theorem 3.1 cannot be substituted by the condition

1
MOO(T’f):O< 1+6>7 a'Sr_>]'77
1 1 \7
(1 —r)P(log ﬁ),,
for any € > 0.

Now we turn to prove Theorem 1.4 and Theorem 1.5.
PROOF OF THEOREM 1.4. Suppose that 2 < p < oo and f € Dﬁ—l- Then

1

lm [ (1—s)P"'MP(s, f)ds = 0. (18)

r—1= J,

10



Since Mpy(s, f’) is an increasing function of s

/ (L M (s, £y ds > M (. ) / (s ds > GME(r, (11,

which, together with (18), yields

Mp(r,f'):0<1ir>, asr — 17, (19)

which, using Minkowski’s integral inequality, implies (7).
Using (19) and the fact that for any fixed r with 0 < r < 1 the integral
means Mp(r, f’) increase with p, we deduce that

1
IQ('I",f,):O<(1_T)2) N asr — 17,
and then using the well known inequality (see [26] pp. 125-126)

2
52(12(7“ ) <4by(r, '), 0<r<1,

we obtain

ji (Io(r, 1)) = <(1_1r)2> as 17,

1/2
which, integrating twice, gives Ma(r, f) = o ((log l—ir) ) ,asr — 1. This

is worse than (8). To obtain this we shall use Theorem 1.2.

Say that f(z) =3 02, apz™, (2 € A). Suppose, without loss of generality
that ag = 0. Using Hélder’s 1nequality with the exponents p/2 and p/(p —2)
and Theorem 1.2, we obtain

[
S IIEEES D SRS
n=1

n=0kel(n)

> 1
< D
n=0

kel(n)
00 p/2 2 0 17%
2n+lL
SIX(Tme] | [
n=0 \kel(n) n=0

1\
p
<Cip <log T r) .

11



Since

exp <1 / " log | £(re’)| d9> < Mo(r,f), 0<r<1,

2 J_,
we trivially have the following result.

COROLLARY 3.2. If2 <p < oo and f € D}, then

1T 1 \2#
. P
exp (27r/ log|f(re’9)|d0> :O<<10g1_r> ), asr — 1.

Theorem 9 shows that Corollary 3.2 and the estimate (8) are sharp in
very strong sense. The following lemma, whose proof is simple and will be
omitted, will be used in the proof of Theorem 9.

LEMMA 3.3. Let f(z) = > 07 qanz"™ be an analytic function in A. If
0<pB<1and

N
Z|ak|2 ~ (logN)ﬁ, as N — oo,
k=0

then

1 B
Ly(r, f) = <log1_r> asr — 17.

We shall also make use of the technique introduced by D. Ullrich in [32].
Let start introducing some notation:

Let w = [0,1]N and let wy,ws,... be “the coordinate functions” w; :
2 — [0, 1]. Let dw denote the product measure € derived from Lebesgue
measure on [0,1]. Now wi,ws,... are the Steinhaus variables (i. i. d. ran-

dom variables uniformly distributed on [0, 1]). Note that {e?™s 1521 is an

orthonormal set in L?(Q2), hence, if PO |la;|? < oo, then P a;e?™vi is a
1/2

well defined element of L?(Q) with L?-norm (Z;’il ]aj\Q) . The following

theorem is Theorem 1 of [32].

THEOREM C. There exists C' > 0 such that for any sequence of complex
numbers {a;}52; with > 22, la;j|* < oo, we have
1
2
exp / log .
Q

dw

00

§ : S 2Tiw;
a;e

i=1

12



PROOF OF THEOREM 1.5. Suppose that 2 < p < o0 and 0 < § < % — %.
Set e = % — % — 3, hence, € > 0. We define the sequence {b; }‘;‘;1 as follows

1
bj = j=1,2,....
J j%+€
Now, for every w € €) we define
oo ) ) [e.e]
ful(z) = Z b’ % = Z ap w2, zE€A. (20)
j=1 k=1

Since » 72, [bj|P < oo, using Proposition A we deduce that f, € Dp_; for
every w € (2.
We are going to see that for a.e. w € Q)

. B
exp (;ﬂ/_ 1og\fw<reﬂ)rdt>%o((loglir> ) asr—17. (21)

This will finish the proof.
Suppose that (21) is false. Then there exists a measurable set F C
with positive measure and such that for all w € E

- B
exp (;ﬂ/ log\fw(reit)’dt>_0<<10glir> ) asr =17, (22)

This is equivalent to saying that

1 s it
hr{l 2/ log [M] dt = —o0, weE k. (23)
r—1— 47T J_ 1

o)
On the other hand,
N 1/2 N 1/2
1
2 _
2l =X
7j=1 j=17J°?
N 1/2 -
N(/ 2—‘,—2de> '\-/]\[5_;_67 as N — oo.
1 gr

Thus, there exist C' > 0 and Ny > 0 such that

N
(Zram
k=1

SR

1/2
2) < c(logN)%* ., N>N,. (24)

13



Using (24) and Lemma 3.3 we deduce that

11,
I
My(r, f) = Ia(r, f)2 < C IOgl—r] , 0<r<l, weq,
which implies that
L[ it T
exp [ — log | fu(re®)|dt | < C|log , 0<r<l, weQ.
27 J_ . 1—r
(25)
From this we deduce as in (23), that there exists C' > 0 such that
™ it
/ log!M]dtSC, O<r<1, weQ. (26)
- log 11, )
Bearing in mind that E has positive measure, (26) and (23) imply
™ it
lim [ / log M dt] dw = —oo. (27)
—1- _
r Q x <1Og ﬁ)

For N =1,2,...,let Qy = [0,1]", and let my be the Lebesgue measure on
Qpy. Observe now that, for any N, we have

/Q log | f (re®)| dimay (w)

1 1 N

:/ .. / log | Z bjr2j eil2mw;+27) |
1 1 N o

:/ . / log | Z br? ¥ ¢

(o]
i i 42
E bjrz gil2mw;+2 t]\ dwidws . .. dwy
j=N+1

o0
i i 420
g bjT‘2 eil2mw;+271] | dwrdws . .. dwy.
j=N+1

Letting N tend to oo, we deduce that [, log|f.(re)| dw is indepedent of ¢,
then using (27) and Fubini’s Theorem we obtain

lim [ log LT”B dw = —o0. (28)
r—1 0 (log 17;4)
But, if we set
1
TN:1—2—N N=12...

by Theorem C and the inequality
el<rd <r¥ 1<j<N,

14



we deduce that

exp [/ 10g|fw(7“]v)]dw] = exp [/ log ijezmwjr%\? ]
Q Q

j=1

0o 1/2 N 1/2 N 1 1/2

i\ 2

ZC<Z|bj2(TJ2vJ) ) ZC<Z|bj2> =C<Z,z+ge>

J=1 j=1 j=171"

1 ;o\ 1\’
ZCﬁ 2 C log =C log s
N5+5—§ 1 — TN 1 — TN

for all N, which contradicts (28). Consequently, (21) is true and the proof
is finished. O

3.2. Radial growth of Dﬁ_l-functions In this section we are going to
obtain some estimates on the radial growth of Dg_l—functions. Ifo<p<2
and f € Dﬁ_l, then f € HP and so f has nontangential limit a.e. T.
Thererefore, we have:

If0<p<2and f € szl, then

|f(re®) = O(1), asr— 1" for a. e. e € DA.

Zygmund proved in [37] that if f is an analytic function in A then

. N
/ |f’(peit)|dp:o[<log ) ], asr — 1. (29)
0 1—7r

for almost every point e’ in the Fatou set of f, F, which consists of those
e € T such that f has finite nontangential limit at e’*. Obviously, (29)

implies o
it 1 / -
|f(re")=o log1 , asr— 17, (30)
—r

If 2 < p < oo there are functions f € D£—1 such that F; has Lebesgue
measure equal to zero. Indeed, an analytic function f given by a power series
with Hadamard gaps whose sequence of Taylor coefficients {ay} belongs to
IP\I?,is a Dﬁfl—function by Proposition A and Fy has null Lebesgue measure
(see Chapter V of [38]). In spite of this, we can prove that the following
result for Dg_l—functions.

15



THEOREM 3.4. If 2<p < oo and f € Dy_; then

1—-1
\f(reit)|:o[<1og1ir> ], asr — 17 for a. e. ' € OA.  (31)

Note that this is better that the a. e. estimate which can be deduced
from (17).

PROOF OF THEOREM 3.4. Let p and f be as the statement of the theorem.

Then )
/ (/ (1 — )P f (ret) P dt) dr < oo,
-7 0

and it follows that the set A of points e € A for which

[t pa < s,
0

has Lebesgue measure equal to 2.
Take and fix e € A. Take also ¢ > 0, then there exists r. € (0,1) such
that

1
/ (1— 8P f(se) P ds < e. (32)

p

Using (32) and Holder’s inequality with exponents p and 5o1s We obtain

forr: <r <1,

Aﬁﬂwmwzéﬂﬂwmw+ﬂvwwmw
T1=9)'
gcmﬁLl_#ﬁuwww

< Cpe+

r 1/p r 1 17%
Y -2 S it\|p
/reu P11 /(s ds] [/ (1_3>ds]
1—1
<0y teflog—)
> Ufe 9 Ogl—?” .

Consequently, we have proved that

1
1 p T i
lim sup (log ) / |f'(se™)|ds < e.
r—1 1—r 0

Since € > 0 and e € A are arbitrary, we have

1—1
T . 1 P
/ |f’(se”)\ds:0[<log1 > ], asr — 17,
0 —T

16

(33)




for all e € A. This implies that (31) holds for all e € A, which has
Lebesgue measure equals to 27r. This finishes the proof. [

We do not know whether or not the exponent 1 — 7% in Theorem 3.4 is
sharp but we know that it cannot be substitutes by any exponent smaller
than % — %. Indeed, we can prove the following result.

THEOREM 3.5. If 2 < p < oo, then there exists a function f € D£—1
such that

f

it
lim ret)l :
r—1- -
(log 1—;) <log log 1—;)

Proor. Take p > 2. Define

=~

=00, fora.e. e €OA, (34)

N|—=

1

=— k=12,...
kl/Plog 2k’ o

a

and

f(z) = ZakZQk, z € A.
k=1

Since ) 32 |ax[P < oo, by Proposition A, we have that f € D} ;.
On the other hand,

N 1/2 N 1 1/2
2 —
(Z’ak’ > - (Z k2/p10g22k>

k=1 k=1

Ny Y2 NE
~ / —————dx ~—— as N — oo,
1 x2/Plog? 2x log N

and then it is easy to see that
1.1
2 p
1

~———"7—, asr—1".
loglog =

N

M2(7’7 f) = 12(7’, f)
Now, by the law of the iterated logarithm for lacunary series, see [35], we

have that

lim S|
"1 [, f) logloglog Iy (1, f)]

Now we observe that (36) and (35) imply (34). This finishes the proof. [

=1, fora.e. e coA. (36)

N
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4. Zeros of D§—1 functions

4.1. Products of the zeros of ng functions We start recalling the
the following result due to Horowitz, (see p. 65 of [17]).

LEMMA D. Let f be an analytic function in A with f(0) # 0 and let
{zx} be the sequence of ordered zeros of f. If 0 <p < oo, 0 <r <1land N
is a positive integer, then

N P
0P T 2 < My (37
k=1

This lemma and the estimates for the integral means of Dﬁfl—functions
obtained in section 3.1 are the basic ingredients in the proofs of Theorem 1.6
and Theorem 1.7. This method was use by C. Horowitz in [17] for the
Bergman spaces and later on by the first author of this paper, M. Nowak
and P. Waniurski in [15] for the Bloch space B and some other related spaces.

PROOF OF THEOREM 1.6. Let p, f and {2;}72, be as in the statement of
Theorem 1.6. Using Theorem 1.4, we see that f satifies (8) and then using
Lemma D with p = 2, we deduce that

1.1
) * P if ris close enough to 1.
r

H—<CM2rf)<C<log11

|2k
(38)
Now, taking r =1 — % with IV big enough in (38) and bearing in mind that
N
(1 — %) > i, we deduce that

N 1 1_1
I[[— <Clogn)=7. (39)

This finishes the proof. [J

Our next objective is to prove Theorem 1.7 which asserts that Theo-
rem 1.6 is sharp. We start recalling some notation and facts from Nevalinna
theory (see [16], [23] or [31]) which will be needed in our proof.

Let f be a non-constant analytic function in A. For any a € C and
0 < r < 1, we denote by n(r,a, f) the number of zeros f — a in the disc
{]z| < r}, where each zero is counted according to its multiplicity. We define
also

N, f) % /OT n(t,a, f) ; n(0,a, f) dt+n(0,a, f)logr, 0<r < 1. (40)

For simplicity, we shall write

n(r, f) =n(r,0, f) : N(r,f) = N(r,0,f).

18



The Nevanlinna characteristic function T'(r, f) is defined by

1 4 )
T(r,f):%/ log® |f(re®)|do, 0<r<1.

—T
The proximity function m(r,a, f) is given by

det 1 [T 1
= — logt ———dt 1.
m(r,a, f) o /_7r og Flret) —a] O<r<

Now we can state the First Fundamental Theorem of Nevanlinna.
THEOREM E. Let f be a non-constant analytic function in A. Then
m(r,a, f)+ N(r,a, f) =T(r, f) + O(1), asr — 17.
for every a € C.
Now we can prove the following result.

ProproOSITION 4.1. If 2 < p < 00 and f is a non-constant Dgfl—functz'on,
then

1 1
n(r,a, f) = O<1 loglog 1 ), asr — 17, foralla € C. (41)
-

ProoF. Using the arithmetic-geometric mean inequality we obtain
s

T(r, f) < 4177/ log (\f(reit)\Q + 1) dt

<L1og (;ﬂ [ s+ dt> <glos (00 41),

which, with part (ii) of Theorem 1.4, gives

T(r,f):O<10g10g11r>, asr — 1. (42)

Using Theorem E, we deduce that

N(r,a,f)zO(loglog ), asr — 17, for all a € C. (43)

1—-r
Now, it is well known (see p. 22 of [4]) that this implies (41). O
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Now, we can proceed with the proof of Theorem 1.7.

PROOF OF THEOREM 1.7. Take pand fwith2 < p <ococand 0 < 8 < %—%.

Take f € DI, with f(0) # 0 and
x B
exp (2177/_ log]f(?“eit)dt> 7£O<<10g117n> )a asr— 17, (44)

such a function exists by Theorem 1.5. Using (44) we see that there exist a
sequence {r;}32; C (0,1) with r; T 1 and a positive constant C' (indepedent
of j), such that

B
1 m . 1
exp (271/ log|f(7”j€n)|dt> EC<10g1r<> , J=12.... (45)
—T J

We shall write n(r) instead of n(r, f) for simplicity. Using Jensen’s formula
(see [1], p. 206) and (45) we deduce that

n(r; 1 B
1> 1 i=1,2... 4
H, ofmerty ) itz @

which implies that
n(rj) — oo, asj— oo. (47)

On the other hand, Proposition 4.1 implies that there exists C' > 0 such
that

n(r)SC’li

1
log log ] , if r is sufficiently close to 1.
r —r

This implies that

1
logn(r) < C'log 1 , if r is sufficiently close to 1,
—r

which, together with (46), shows that there exists jo € N such that for every
J=Jo
n(ry) 5
FO) T 22 = ¢ [1ogn(ry)]
£
k=1
This finishes the proof. [J

4.2. A substitute of Blaschke condition If 2 < p < oo the sequence
{zx} of ordered zeros of a non trivial D£—1 function need not satisfy the
Blaschke condition Indeed, the Blaschke condition is equivalent to saying
that Hn 1 |Z = = O(1) and we have seen that this is not always true. Using
Theorem 1.6 and arguing exactly as in the proof of Theorem 5 of [15] we
can prove the following result.
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THEOREM 4.2. Let2 < p < oo and let f € Dy | with f #0. Let {2,132,
be the sequence of zeros of f. Then

Z (1 —zx|) <loglog 1 _1’Zk’> < 00 (48)

1
|2k |>1—2

for all a > 1.

Next, we shall prove that the condition « > 1 is needed in Theorem 4.2.

THEOREM 4.3. Let 2 < p < co. Then there exists a function f € Dﬁ_l
wirh f # 0, whose sequence of zeros {z}72, satisfies

—1
1
> (1—|zf)| loglog—— | =o0. (49)
) L — |z
|Zk|>1_g

PROOF. Set

oo
+2
g9(z) = Zkfp‘TPsz, z € A.
k=1

Since g is given by a power series with Hadamard gaps and

00 o
_bpr<2

g k™ < oo,

k=1

it follows that g € Dg_l.
We shall follow the argument of the proof of Theorem 6 of [15] Set

1
rn:1—2—n n=123,... (50)
It is easy to see that, for all sufficiently large n, Is(ry,g) > Cnéf%, which,

since log ﬁ = nlog 2, implies that

> if n is sufficiently large. (51)

[NIE
3=

Iy(rn,9) > C <log

1—r,

. 1 1 .
Now, since log =~ ~ log T 88— 00, and since Is(r,g) and
1 1

27p : . .
<log ﬁ) ¥ are increasing functions of r, we deduce

Lr,g) > C <log — r) (52)

=
3 =
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if r is sufficiently close to 1.

Using this and arguing as in p. 126 of [15] we deduce that there exist
a complex number a with ¢g(0) # a, a positive constant § and a number
ro € (0,1) such that

1
N(r,a,g) = Blog logﬁ 7€ (ro, 1). (53)

Take such an ¢ € C and set

f(z) =g(2) —a, ze€A.

Then f € D) ; and f(0) # 0. Also (53) can be written as

1
N(r, f) > ﬂloglogli r € (ro,1). (54)
—r
Let {z,} be the sequence of zeros of f. Using Proposition 4.1 and arging as
in p. 127 of [15], we obtain (49). O
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