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18. Numerical solution of the Ramsey model

Log-linearization rules:

xt ≈ x t exp(x̂t ) ≈ x t (1+ x̂t ) (1)

xtzt ≈ x t (1+ x̂t )z t (1+ ẑt ) ≈ x tz t (1+ x̂t + ẑt ) (2)

xat ≈ xat (1+ x̂t )a ≈ xat (1+ ax̂t ) (3)
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18. Numerical solution of the Ramsey model

Output:
yt = Akα

t (4)

Log-linearization rules:

y(1+ ŷt ) = Ak
α
(1+ α̂k t ) (5)

or:
y + y ŷt = Ak

α
+ αAk

α
k̂t (6)
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18. Numerical solution of the Ramsey model

In steady state y = Ak
α
, and then:

y ŷt = αAk
α
k̂t (7)

and operating:
ŷt = αk̂t (8)

where ŷt = lnYt − lnY .
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18. Numerical solution of the Ramsey model

Log-linearization of the capital stock dynamic equation:

ct + kt+1(1+ n) = (1− δ)kt + yt (9)

Using log-linearization rules:

c(1+ ĉt ) + k(1+ n)(1+ k̂t+1) = (1− δ)k(1+ k̂t ) + y(1+ ŷt ) (10)

Using steady state:

c + k(1+ n) = (1− δ)k + y (11)

and operating:

cĉt + k(1+ n)k̂t+1 = (1− δ)kk̂t + y ŷt (12)
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18. Numerical solution of the Ramsey model

Operating:
c

k
ĉt + (1+ n)k̂t+1 = (1− δ)k̂t +

y

k
ŷt (13)

Using steady state values:

c

k
=
A
(
1−β+βδ

αAβ

) α
α−1 − (n+ δ)

(
1−β+βδ

αAβ

) 1
α−1

(
1−β+βδ

αAβ

) 1
α−1

(14)

and
y

k
=

(
1− β+ βδ

αβ

)
(15)
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18. Numerical solution of the Ramsey model

Operating:[
1− β+ βδ

αβ
− (n+ δ)

]
ĉt + (1+ n)k̂t+1 = (1− δ)k̂t +

(
1− β+ βδ

β

)
k̂t

(16)
or: [

1− β+ βδ

αβ
− (n+ δ)

]
ĉt + (1+ n)k̂t+1 =

1
β
k̂t (17)

or:

(1+ n)k̂t+1 = −
[
1− β+ βδ

αβ
− (n+ δ)

]
ĉt +

1
β
k̂t (18)

or

k̂t+1 = −
[
1− β+ βδ

αβ(1+ n)
− (δ+ n)
(1+ n)

]
ĉt +

1
β(1+ n)

k̂t (19)
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18. Numerical solution of the Ramsey model

Adding and subtracting k̂t we have:

k̂t+1 − k̂t + k̂t = −
[
1− β+ βδ− αβ(δ+ n)

αβ(1+ n)

]
ĉt +

1
β(1+ n)

k̂t (20)

and given that ∆k̂t = k̂t+1 − k̂t , we get:

∆k̂t = −
[
1− β+ βδ− αβ(δ+ n)

αβ(1+ n)

]
ĉt +

[
1− β(1+ n)

β(1+ n)

]
k̂t (21)
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18. Numerical solution of the Ramsey model

Log-linearization of the dynamic equation for consumption:

ct+1 = β(αAkα−1
t+1 + 1− δ)ct (22)

Using log-linearization rues:

c(1+ ĉt+1) = β(1− δ)c(1+ ĉt )+ βαAk
α−1
c(1+(α− 1)k̂t+1+ ĉt ) (23)

Operating:

c + cĉt+1 = β(1− δ)c + β(1− δ)cĉt + βαAk
α−1
c

+βαAk
α−1
c(α− 1)k̂t + βαAk

α−1
cĉt (24)
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18. Numerical solution of the Ramsey model

In steady state,
c = β(1− δ)c + βαAk

α−1
c (25)

and operating:

cĉt+1 = β(1− δ)cĉt + βαAk
α−1
c((α− 1)k̂t+1 + ĉt ) (26)

or
ĉt+1 = β(1− δ)ĉt + βαAk

α−1
((α− 1)k̂t+1 + ĉt ) (27)

and using steady state values:

ĉt+1 = β(1− δ)ĉt + (1− β+ βδ) ((α− 1)k̂t+1 + ĉt ) (28)

and operating

ĉt+1 = ĉt + (1− β+ βδ) (α− 1)k̂t+1 (29)
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18. Numerical solution of the Ramsey model

From expression (19), we have

k̂t+1 = −
[
1− β+ βδ− αβ(δ+ n)

αβ(1+ n)

]
ĉt +

1
β(1+ n)

k̂t (30)

and substituting

ĉt+1 = ĉt +(1− β+ βδ) (α− 1)
(

1
β(1+ n)

k̂t −
[
1− β+ βδ− αβ(δ+ n)

αβ(1+ n)

]
ĉt

)
(31)

Define
Ω = 1− β+ βδ

and
Γ = 1− β+ βδ− αβ(δ+ n)

resulting in:

∆ĉt =
(α− 1)Ω
β(1+ n)

k̂t −
(α− 1)ΩΓ
αβ(1+ n)

ĉt (32)
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18. Numerical solution of the Ramsey model

Finally, log-linearization of the feasibility condition:

it = yt − ct

using log-linearization rules:

i t (1+ ît ) = y t (1+ ŷt )− c t (1+ ĉt ) (33)

or
i t + i t ît = y t + y t ŷt − c t − c t ĉt (34)
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18. Numerical solution of the Ramsey model

In steady state we have:
i t = y t − c t (35)

or:
i t ît = y t ŷt − c t ĉt (36)

and solving for investment:

ît =
y t
i t
ŷt −

c t
i t
ĉt (37)
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18. Numerical solution of the Ramsey model

Using steady state values:

y t
i t
=
1− β+ βδ

αβ(n+ δ)
(38)

and
c t
i t
=
1− β+ βδ− αβδ

αβ(n+ δ)
(39)

Substituting we obtain:

ît =
1− β+ βδ

αβ(n+ δ)
ŷt −

1− β+ βδ− αβ(n+ δ)

αβ(n+ δ)
ĉt (40)
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18. Numerical solution of the Ramsey model

Log-linear system. Define:

Ω = 1− β+ βδ (41)

Γ = 1− β+ βδ− αβ(δ+ n) (42)

Then, we get: [
∆ĉt
∆k̂t

]
=

[
− (α−1)ΩΓ

αβ(1+n)
(α−1)Ω
β(1+n)

− Γ
αβ(1+n)

1−β(1+n)
β(1+n)

] [
ĉt
k̂t

]
(43)
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18. Numerical solution of the Ramsey model

Stability analysis:

Det

[
− (α−1)ΩΓ

αβ(1+n) − λ (α−1)Ω
β(1+n)

− Γ
αβ(1+n)

1−β(1+n)
β(1+n) − λ

]
= 0 (44)

resulting in:

λ2 +

[
(α− 1)ΩΓ
αβ(1+ n)

− 1− β(1+ n)
β(1+ n)

]
λ+ (45)

(α− 1)ΩΓ
αβ(1+ n)β(1+ n)

−
(
1− β(1+ n)

β(1+ n)

)
(α− 1)ΩΓ
αβ(1+ n)

= 0 (46)

or

λ2 +
(α− 1)ΩΓ− α+ αβ(1+ n)

αβ(1+ n)
λ+

(α− 1)ΩΓ
αβ(1+ n)

= 0 (47)
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18. Solución numérica del modelo de Ramsey

Roots:

λ1,2 =
−
[
(α−1)ΩΓ−α+αβ(1+n)

αβ(1+n)

]
±
√(

(α−1)ΩΓ−α+αβ(1+n)
αβ(1+n)

)2
− 4 (α−1)ΩΓ

αβ(1+n)

2
(48)
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18. Numerical solution of the Ramsey model

Jump in consumption:
Dynamic equation for consumption:

∆ĉt =
(α− 1)Ω
β(1+ n)

k̂t −
(α− 1)ΩΓ
αβ(1+ n)

ĉt (49)

Stable trajectory:
∆ĉt = λ1 ĉt (50)
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18. Numerical solution of the Ramsey model

By equating both expression:

(α− 1)Ω
β(1+ n)

k̂t −
(α− 1)ΩΓ
αβ(1+ n)

ĉt = λ1 ĉt (51)

resulting in:

ĉt =
α(α− 1)Ω

(α− 1)ΩΓ+ αβ(1+ n)λ1
k̂t (52)
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