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17. The Ramsey model

@ Ramsey model or Ramsey-Cass-Koopmans model

@ Optimal growth model. Equilibrium as a result of economic decisions
taken by families and firms.

@ Saving is an endogenous variable.

José L. Torres (Universidad de Mdlaga) Lecture 17: The Ramsey model Advanced Macroeconomics



17. The Ramsey model

@ Population size:
Lt = Lt—l(]. + n) (1)

where n > 0 is the population growth rate. In general:
Lt = LO(]. + n)t (2)

where Lg is the population at the initial period 0. Initial population is
normalized to 1 (Lp = 1):

Le=(1+n) (3)
o Consumption per capita:
C
= L—j (4)
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he Ramsey model

@ Function to be maximized:

-
max E; Z B U(ct)Ls (5)

{Ct}?ozo t=0

e where g € (0,1)

where 6 > 0.
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17. The Ramsey model

@ The maximization problem can be written as :
max Z[B (14+n)'U(ct) (7)

{Ct}t 0 t=

or:

.y <1_1H9)t(1+n)tU(ct) (8)

ma
{et}t2o t=0

where the discount factor is given by:

(i75) ©

@ To solve the problem we need the following condition: 68 > n.
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17. The Ramsey model

@ Budget constraint:
Ce+ Iy = Wil + ReK: (10)
where capital stock accumulation is given by:
Kiy1=(1—-0)Ke + 1; (11)

The budget constraint can be defined as:

Ct+Kt+1 - WtLt+(Rt+1_5)Kt (12)
We define: K
ke = — 1
£ L (13)
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17. The Ramsey model

e Multiplying and dividing the budget constraint (12) by the population:

Ct + Kt+1 . th—t + (Rt + ]_ _5)Kt

— = 14
L L Lt (14)

and we get:
ct—|—(1—|—n)kt+1 = Wt+(Rt+l—(S)kt (15)

given that:

L
Hl— (140) (16)
Le
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17. The Ramsey model

Ramsey model
Household utility function U = U(C;)
Budget constraint G+l = Wil + R K:
Initial capital stock Ko >0
Capital stock accumulation Ky = (1 —90) K¢ + I
Production function Y: = AtF (K Ly)
Populaion growth rate Ly =Li—1(1+n)
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17. The Ramsey model

@ We will assume a logarithmic utility function:
U(et) =Inc (17)

@ The household maximization problem is the following:

T t
14+n
I 18
e b () e Y
subject to:
Ct+(l+n)kt+1 == Wt+(Rt+1_5)kt (19)

given that kg > 0.
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17. The Ramsey model

@ The Lagrangian auxiliary function:

T /1+n\f
L = ;(M) InCt (20)

—At[ee+ (T +n)kers — Wy — (Re +1—0)ke] (21)

@ First order condition, for t =0,1,2,..., T, are the following:

oL 14+n\"1
e (1+9> o~ Ah=0 (22)
L
)\I‘+1(Rt+l —|—1—(5) —/\t(1+n) :O (23)
dke+1
oL (Re+1—96)
TM Ct + kt+]_ Wt Wkt - 0 (24)
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17. The Ramsey model

@ From the first order condition we have:

1+n\"1
Ay = i 2
‘ <1+9> Ct (5)

By substituting the Lagrange multiplier in t and in t + 1, in the
second first order condition:

1+n\t 1 1+n\t1
<1+9> Ct+1(Rt+1+l—5)—(1+n)(1+9> = (26)

and simplifying:

L Rpt1-a=1 (27)
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he Ramsey model

@ Operating we arrive to the following optimal consumption path:

Riy1+1—9
Ct41 = (H_ll_{_e)ct (28)
or:
Ct4+1 = ,B(Rt+1 +1-— (S)Ct (29)
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17. The Ramsey model

o For aggregate consumption we have:

C C
L — B(Rip1 +1-6)" (30)
Litg L;
or:
Cr1=PB(Rr1+1-06)(1+n)C (31)
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17. The Ramsey model

@ Firm profit maximizacion problem:
maxXx Ht = Yt - th—t - Rth (32)
subject to the technological restriction:

Y: = A:F (K, Ly) (33)
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17. The Ramsey model

@ Profit maximization problem in per capita terms:
max 7ty = Yy — Wt — (Rt+(5)kt (34)

subject to the technological restriction:

ye = Acf (k) (35)

o First order condition with respect to the capital stock per capita:

37; = Aifi(k) — (Re +6) =0 (36)
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he Ramsey model

@ From the first order condition we have that:
Atfk(kt) == Rt + 5 (37)

@ Wage would be total income (output), less capital income:

we = Aef (ke) — keAefi(ke) (38)
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17. The Ramsey model

@ Cobb-Douglas technology:

max 7ty = Atk — Wy — Rtkt (39)
o First order condition:
o7
e = aAkS - R =0 (40)

@ From that, we obtain that marginal productivity of capital is equal to
the real interest rate:
aAK T = Ry (41)

or equivalently:
Rtkt = lxyt (42)
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17. The Ramsey model

@ Given that the firm profit maximization problem is defined in per
capita terms, labor is not a variable (no first order condition). In this
case, the equilibrium wage is obtained as the difference between total
income (output), and capital income:

Wy = Akl — ke Ackd ™t = Akt — aAKY = (1 — )y, (43)
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he Ramsey model

@ Competitive equilibrium: The dynamic equation for consumption per
capita (optimal consumption path), is given by:

Ct+1 = ,B(Rt+1 +1-— 5)Ct (44)
@ Using the equilibrium value for the real interest rate we have:

Ct+1 = ‘B(aAt+1 k?;ll +1-— 5) Ct (45)
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17. The Ramsey model

@ On the other hand, the dynamic equation for the capital stock is
given (using the real interest rate and wage) by:

e+ (14 n)kerr = Arkd — a Ak + (0AKE 41— 6k, (46)

or:
Ct+(1+n>kt—+1 :Atk?—f— (1—lx>kt (47)
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17. The Ramsey model

o Steady state: Using the equilibrium condition for consumption per
capita in steady state:

1=pB@AK" " +1-0) (48)

from which capital stock per capita is steady state is given by:
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17. The Ramsey model

@ From the equilibrium condition for the capital stock per capita in
steady state:

T+ (1+nk=(1-a)AK" 4+ aAKk" + (1 -0k (50)

and operating: _ _
c=Ak" —(n+0)k (51)

o Finally, the consumption per capita is given by:

= a(EBEENT iy (LEEE)T
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