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15. Numerical solution of the DGE model

@ Assume that L =1 (No leisure in the utility function). In this case,
the model economy is given by:

Cit1=B[Rey1+1-9]C (1)

R: = oc:é = “A};:(’fé — aAKE ! 2)
W= (1-a)Y:=(1—a)AK} (3)
Ye = Ak (4)

Koyt = (1— 0)K: + 1, (5)
G+l =Y (6)
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15. Numerical solution of the DGE model

@ Dynamica system. We reduce the above system of equations to a two
differential equation system, for consumption (the jump variable) and
the capital stock (the state or predetermined variable). If the model is
stochastic, we need an additional equation for the dynamics of TFP.
By substituting the real interest rate (2) in the equation for
consumption (1) we have:

@ _
£ = BlaAcaKi +1-0 )
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15. Numerical solution of the DGE model

@ On the other hand, substituting the relative price of production
factors in the budged constraint:

Ci+ Key1 — Ke — (0AKE T —0)Ke — (1 — ) AKE =0
or:

G+ Kiv1 — Ki — A1 KE 4 0K — ALK + o AlKE =0
and operating we arrive to:

Ct+Kt+]_—(]_—5)Kt—AtK£‘:O (8)
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15. Numerical solution of the DGE model

@ In sum, the model economy is given by the following two difference
equations:
Cev1 = B [rAn1 KT +1-6] G (9)

Kt+1 - (]_ - 5)Kt + Atht,X - Ct (].0)
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15. Numerical solution of the DGE model

o Steady state. We start from the equation representing the optimal
consumption path:

Cir1 =B [Ret1 +1 9] G (11)
By eliminating time subscripts:
1=B(R+1-9) (12)
and the real interest rate in steady state is given by:

1—B+Bs

"=""%

(13)
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15. Numerical solution of the DGE model

@ We can write (the real interest rate is the marginal productivity of
capital):

C =B(aAK" ' +1-5)C (14)

and operating:

ﬁ(a;—kl—&) =1 (15)

Solving for the capital stock in steady state we have (as a function of
steady state output):

(16)
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15. Numerical solution of the DGE model

@ From the capital stock accumulation equation we have:
K=(1-8K+1 (17)
and operating: ~ o
I =0K (18)
and using previous expression (16) we arrive to:

xBo v

=1

(19)
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15. Numerical solution of the DGE model

@ From the feasibility condition we have that:

— 1—,3—%{55—04%(57

C=Y—-1]= 20
1-B+pé (20)
o Finally, output in steady state is given by:
Y = AK" (21)
and using expression (16) we have:
_ _ 1 «fp s
Y = AK" = AT* [ } (22)
(1—p+po)
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15. Numerical solution of the DGE model

@ Once we have the steady state value for output, we can recover the
rest of steady state values. By substituting (22) in (16), we obtain
that the steady state value for the capital stock is:

Ko b Asa[( ap }@_<<1—ﬁ+ﬁ5>>*1

1-B+pBo 1— B+ o) aAp
(23)
Alternatively, steady state capital stock can be calculated from:
— 1 1— )
R—l 1415 1ZPT% (24)

p B
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15. Numerical solution of the DGE model

@ Given that real interest rate is the marginal productivity of capital:

1—B+0p
B

Solving for the capital stock in steady state we have:

K= (Lhey (29

a1

dAKY T =R = (25)
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15. Numerical solution of the DGE model

o Log-linearization rules:
Q For one variable:
x¢ ~ X exp(Xe) ~ X¢(1+ %) (27)
@ For the product of two variables:
xeze R Xt (14X )Ze (14 2¢) = X Ze (1 4+ X + 2¢) (28)

that is, we assume that the product of two deviations to the steady
state, X;Z;, is a very small number close to zero.

© For a power function:

xR XxI(1+%)? =~ xI(1+ ax:) (29)
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15. Numerical solution of the DGE model

@ Log-linear aproximation to the production function:
Y: = AtKY (30)
Using the first rule in the left-hand side:
Ye =~ Y(1+7:) (31)
Using the third rule in the right-hand side:

AKE ~ AK"(1+ ke)* ~ AK" (1 + ak,) (32)
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15. Numerical solution of the DGE model

We obtain that:

Y(1+47:) = AK" (1 + ak;) (33)
and operating: o o
Y + Yj/\t = AK“ + AKIXDth (34)
Canceling terms: o o
Yy, = AK wke (35)
and finally:
j/\t — akt (36)
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15. Numerical solution of the DGE model

@ Log-linear aproximation to the capital stock equation:
G+ Kipi—(1-90)K: = Y;
Using the log-linearization rules:
C1+C)+ KL +kep1) — (1= )KL+ k) = Y(1+7)

In steady state: o .
C+K-(1-6)K=Y
Operating, o —
CC + Kkep1 — (1= 0)Kke = Yy
or:

C. - ~ ~
?Ct +hkiy1 — (1= 0)ke = =V:

x| <
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15. Numerical solution of the DGE model

Next, we use the steady state values for consumption, capital and output:

c_ %7 _1-B+ps—aps
K sy ap
Y_ Y _(a-p+p))
K Y ap
and substituting:
1-p +DCI[ZS — a‘B(S/C\t +/l;t+l —(1- (5)/& = (1_{3‘;—’85)% (42)
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15. Numerical solution of the DGE model

Using the log-linear aproximation for output (y; = oc?t), wwe get:

1_ﬁ+1)f;5_“’85a+%+1 = (1 —5)Et—|—(1_ﬁl;rﬁ§);t (43)

Finally, defining Ak; = ke+1 — ke, we arrive to the following difference
equation for the deviation of the capital stock:

AR = 1—ﬁ+a%5—aﬁ5}et+[l—ﬁ};t (44)

B
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15. Numerical solution of the DGE model

Log-linear aproximation to the consumption equation:

Ci+1 < Yit1 >
— Bttt y1-6 45
& P\ (45)

Using the log-linearization rules we have:

C - . Y . ~
?(1 +C1—C) = “5?(1 + Ver1 — ker1) + B(1—0) (46)
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15. Numerical solution of the DGE model

Operating,

~ ~ Y . ~ Y
1+Cp—c = “ﬁ?()/t—i-l — ke+1) + apoz+ p(1—9)

(47)
Using the steady state: B
l — 1-p+ps (48)
K ap

Substituting:

1+4C1 = = (1= B+ B0)(Prs1 — kep1) + (1 — B+ o) + B(1 —(‘5) )
49
and operating:

i1 —C = (L= B+ BO) (Vo1 — ket) (50)
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15. Numerical solution of the DGE model

Using the log-linear aproximation for output (Vi+1 = uc/l;tﬂ), we get:
Cp1— G =(1—B+B0)(a—D)kesr (51)
On the other hand, from expression (43) we have that:

- 1~ 1—B+4+B6—aBd_.
ki1 = <kt — 'B ﬁ 'BCt

p ap

(52)
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15. Numerical solution of the DGE model

Substituting:

C1—C=(1-B+po)(a—1) (;/k\f e +0535 - lxﬁ&c}) (53)

Defining A¢; = C;+1 — C;, we arrive to:

o (L= BHpO)(@—1), (1= p+p8)(x—1)(1—p+ o —apd)_
t ‘B t DCIB t

(54)
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15. Numerical solution of the DGE model

Log-linear aproximation to the investment equation:

/t = Yt - Ct (55)

and using the log-linearization rules:

T(1+7) = Y(1+53) - C(1+72) (56)
or, B L
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15. Numerical solution of the DGE model

In steady state we have that:

and thus, previous equation can be sinplified to:

and solving for the deviation of investment we have:
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15. Numerical solution of the DGE model

Using the steady state values:

1-B+Bo

Y
T aBé

and:

C 1—-B+Bs—uaBsé
T apo

And substituting, we arrive to:

~ 1-B+Bo.  1—B+Bo—aps
Ig = 04,8(5 r — “'35 Ct (61)
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15. Numerical solution of the DGE model

Log-linear system. We define:

QO = 1—-B+p5 (62)
O = 1-B+(1—a)ps (63)

Therfore, the log-linear difference equations system is given by:

~ a—1)Qd a—1)Q) —~
[Agt]_[—( 5 <(ﬁ>) ][E] (64)
_ i
Aky -2 Tﬁ ke
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15. Numerical solution of the DGE model

Stability analysis:

Det ap ® P

1- (65)
- 1-£_

_ (a=1)0® A (xa—1)Q2
] - O

Second order equation:

() () () ()

o (- 1)0®—a(1-p),

A%+ T 2p

0 (67)

José L. Torres (Universidad de Mdlaga) Lecture 15: Numerical solution DGE model Advanced Macroeconomics 26 / 30



15. Numerical solution of the DGE model

Eigenvalues:

~1)0P—a(1— ~1)00—a(1-8) 2 a—1)0
_ (e=100 5>i\/((“ j00-00-p))" _ 4le)

A A = (68)

2

asa < 1and B <1, one root is positive and the other is negative.
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15. Numerical solution of the DGE model

Stable path: We define A; as the eigenvalue that satisfies [A; 4+ 1| < 1.

Stable trayectories are:
Ac | Ct
[ Nk } - [ ki ] (©9)
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15. Numerical solution of the DGE model

Jump in consumption: From the dynamic equation for cosumption we
have:

L (a1 (a—1)O~
ACt = — (X‘B ¢t + ‘3 kt (70)

On the other hand, the stable path for consumption is given by:

AEt - Alet (71)
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15. Numerical solution of the DGE model

Equating both expressions:

e —“?Qcpa c _ﬁl)ﬂﬁt = g (72)

And finally, solving for consumption:

N ala—1)QY
Ct = kt
(0 — 1)QP + a4
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