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ABSTRACT. The derivative of a Blaschke product whose zeros lie in
a Stolz domain belongs to all Hardy spaces with exponent smaller
than one-half and this exponent cannot be improved even when
the zeros belong to a single radius. For Bergman spaces and under
the same assumption on the zeros, a striking phenomenon occurs:
the derivative belongs to all such spaces with exponent less than
three-halves, which is more than one may expect. Although we do
not know whether or not this result is sharp, we solve the prob-
lem for interpolating Blaschke products: Indeed, if B is an inter-
polating Blaschke product whose zeros lie in a Stolz angle then
B" € Nocp<1 HP C No<pcaAP.

On the other hand, we prove that there exists an interpolating

Blaschke product B such that B’ ¢ Uy, HP.
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1. INTRODUCTION AND MAIN RESULTS

If f is a function which is analyticin A = {2z : |[z| < 1} and 0 < 1 < 1,

we set
M f) = (&5 1fetpd) ", 0<p<oo,
[p(raf): M};(T,f), 0<p<oo,
Moo(ra f) = Sup\z|:r ’f(Z)’

For 0 < p < oo, the Hardy space H? consists of all analytic functions

f in the disc for which

def
171l sup Myfr. ) < oc.

<r<
The Nevanlinna characteristic T'(r, f) is defined by
L A it
T(r,f):2— log™ | f(re™)|dt, 0<r<1.
™ —Tr
The Nevanlinna class, denoted by N, is the space of those f analytic
in A for which

sup T'(r, f) < oc.

0<r<1
It is known that H? C N, 0 < p < oco. We refer the reader to [9] for
the theory of Hardy spaces and of the Nevanlinna class.
The Bergman space A? (0 < p < o0) is the space of all analytic

functions f in the A satisfying

I ([ 10 dA(z))l/p < o0,

where dA(z) denotes the normalized Lebesgue measure in A. For the
theory of these spaces, we refer the reader to [5], [16] and to the forth-
coming text [10].
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A sequence {ay}2, of points in the unit disc is said to be a Blaschke

sequence if
> (1= Jag]) < oo.

The corresponding Blaschke product B is defined as

B(z) =[] 2 =2

(lk| 1 —akZ.

Such a product is analytic in A, bounded by one, and with radial limits
of modulus one almost everywhere on the unit circle.

One of the central questions about Blaschke products is that of the
membership of their derivatives in the classical function spaces such as
Hardy spaces and Bergman spaces. This problem was studied in many
papers as [3], [2], [17] and [21] in the 70’s and 80’s. More recently, mean
growth of the derivative of Blaschke products has been investigated by
Girela - Gonzalez [13], Kutbi [18], and also by the author and Girela
in [14].

Let us recall the following well known result of Privalov (see Theorem

3.11 of [9]).

THEOREM A. Let f be an analytic function in A, f has a continuous
extension to the closed unit disc A whose boundary values are absolutely

continuous on OA if and only if f' € H*.

In particular,
ffeH' = feA,

where, as usual, A denotes the disc algebra, that is, the space of all
functions f which are analytic in A and have a continuous extension
to the closed unit disc A.

Since the boundary values of a Blaschke product have modulus 1

almost everywhere, it is clear that if B is an infinite Blaschke product
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then B ¢ A and, hence, B’ ¢ H!. Consequently if B is an infinite
Blaschke product the best result, that we could obtain is the following

B/ G ﬂ0<p<1Hp.

Nevertheless there exist many Blaschke products B which do not verify
this condition. Indeed, Frostman in [12] proved that there exists a
Blaschke product B such that B’ ¢ N and, hence, B’ ¢ Uy<p<ooHP.
The proof of this fact is difficult and non-constructive. In section 4 we
are going to prove in a easier and constructive way the following two

results:

PROPOSITION 1. The Blaschke product B with zeros ai, = rye'™ , where

1 1

e =, k=3,4,...
klogk’ 7 klog2k

T = 1
verifies that B' ¢ U<, HP.

THEOREM 2. There exists an interpolating Blaschke product B such

We recall that a Blaschke product B is said to be an interpolating
Blaschke product if its sequence of zeros {ay} is wuniformly separated

or interpolating, that is, if there exists a positive constant § > 0 such

that
[T |22 >4 forallk.
2t |1 —ajay
J=1j#k

The Schwarz-Pick lemma readily implies that the derivative of any
Blaschke product belongs to Ng<p<1AP. On the other hand, H. O. Kim
proved in p. 176 of [17] the following result.

THEOREM B. If B is an infinite Blaschke product then B' ¢ AZ.
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Consequently if B is an infinite Blaschke product the best result,

that we could have is the following
B/ G ﬂ0<p<2Ap.

However there exist a lot of Blaschke products which do not satisfy
this condition. Indeed, Rudin [22] showed that there exists a Blaschke
product whose derivative does not belong to A' and Piranian [20] gave
a more explicit example.

We are mainly interested in Blaschke products B whose sequence of
zeros lie in some Stolz angle.

Given £ € 0A and o € (1,00) we set
V(6 ={zeA:[1-&|<a(l—]z])}.

The domains ,(§) (1 < 0 < o0) are called Stolz angles with vertex at
¢. The domain Q,(1) will be simply denoted by €.
Ahern and Clark proved in [3] the following result.

THEOREM C. Let be B a Blaschke product with zeros in a Stolz angle,

then B" € Nocpe1/2HP and the exponent one-half is sharp.

A different and very short proof of this result is presented in [15]. The
positive part is proved in a perhaps unexpected way, by generalizing a
known exercise in [23]. For the negative one, we show that the Blaschke
product B with zeros a; = 1 — 1/(klog”k) (k > 2) has the property
that B’ ¢ H'/2. So the exponent 1/2 cannot be improved even when
the zeros belong to a single radius. The proof is based on the following

lemma of Ahern and Clark [3]:
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LEMMA D. If a Blaschke product B has zeros ai, = rye't then B' € HP

if and only if the function f defined on the unit circle by

R 1 — |ag|
0= T+ =)y

k=1

belongs to LP(0,2m).

By a theorem of Hardy and Littlewood, H? C A? and the exponent
2p cannot be improved (see Theorem 5.6 of [9], or [25] for a simple
proof). It is, thus, natural to ask whether the exponent one in the
inclusion B" € No<p<1 AP is sharp if the zeros of B converge nontan-
gentially to a point in the unit circle. A rather surprising phenomenon

occurs here:

THEOREM E. If the zeros of a Blaschke product B all lie in some Stolz

angle, then B' € Nocp<s/2AP.

This result which can be deduced from Theorem 6.1 of Ahern’s paper
[1] is proved in [15] using Theorem C and the following proposition.

PROPOSITION F. Let ¢ be an arbitrary analytic function in A for which
go(A) C A. If ot € HP then o € APT1=¢ for any positive and suffi-

ciently small €.

In section 2, we give another completely different proof of Theorem E
by following in part an idea from a paper by Vinogradov [24]. We do
not know whether or not the exponent 3/2 is sharp. However Theorem

4 of [15] solves the problem for interpolating Blaschke products.

THEOREM G. If B is an interpolating Blaschke product whose sequence

of zeros {ay} is contained in a Stolz angle, then
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(1)

Z 1 —ag])? < oo, forallp >0,
k=1
(2) B, G ﬂ0<q<1Hq C ﬂ0<q<2Aq.
Consequently, if there is a Blaschke product with zeros in a Stolz

angle which does not belong to A%? then it is not an interpolating

Blaschke product.

2. A NEW PROOF OF THEOREM E

The following observation can be found in [24]: if z € A and A € Q,,

then
LAzl [ —[A2) +2(1 = A) — 2(1 — [A])]
11— [A[#] 11— [Al2]
1 =X+ (1= A])
< 1+
11— |Az|
(1+0)(1—A])
< 1
< + 11— ’)\|
= 2+4o0.

By symmetry, a similar lower bound can be obtained, whence:

1 1-X
§| 2| <2+0, whenever ze€ A, A€(,.
240 7 |1— |\

(1)

These inequalities will be the key for many calculations in what follows.

An analytic function f belongs to AP if and only if | f|P is area inte-
grable in some annulus Ap = {z € A: R < |z| < 1}. The following fact
will be useful for integration over such annuli. It appears on p. 3814 of

24].
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LEMMA 3. Given a constant R € (0,1), there exists a C € (0,1) such
that

(2) ClA=n)+A =0+t <N —ore"| < (1 —7)+(1—0) +[t,
whenever r, o € [R,1), t € [—m,7].

Proof.  On the one hand, the elementary inequalities 1 4+ or > o+ r
and cost > 1 — t%/2 imply

(1= + =+t = [1—or)+[1)’
> (1—or)>+#
> (1-or)*+ort®
> (1 —or)*+20r(1 —cost)

|1 — ore™|?.

On the other hand, when R < r, p < 1 we have

(-0 +n+0+o(-r) 1+R
2 =2

1—or=

(A—0)+(1-7).
By the well known Jordan inequality:
sin(t/2) > t/m when 0 <t <,

we deduce that for all t € [—7, 7] and r, o € [R, 1),
2 = (1 — or)* +4prsin® (t/2)
1+R 2

(S5) 100+ a-np+ 2

a(R) - ([(1 - o)+ (1 —r)+¢)

Sa(R) - [(1 =)+ (1 =)+ ]

|1 — ore

(AVARENIY,

v
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a(R) = min ((123)2,471;2) |

Hence the lemma is proved with C' = a(R)/2. O

where

Proof of Theorem E. The AP spaces decrease as the exponent increases,
so without loss of generality we may assume that p > 1. In what follows
we are guided by an idea similar to that of Theorem 2.9 of [24].

Let us assume without loss of generality that B(0) # 0 and that all
the zeros ay of B lie in the Stolz angle €1, for a certain ¢ > 1. Let us

agree to write

o] ar ==

3)  be(2)

Qe 1—6162’

B(z) = ku(z), By(z) =

Take R € (0, 1) such that |ag| > R for all k. The elementary inequality
log(l—z) < —x,0 <z <1, yields

(1) Toalhe(=)] = g log (1~ (1= (=)) < —5(1 — e()P)

for all z € A. Summing up over all j # k and using the well known

identity
L—[z)(d = |a;*)

1 — |bs 2 _ ( J
) B = S e
we get from (4) that

Lo (L= [ —ayl?)
log | B < —= .

) o8 Bu(a)| < —3 0 e

i#k
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Taking into account inequalities (6) and (1), as well as Lemma 3, we

have
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[e.o]

=) + @ =)+ )]

-exp(—KZ (1 —r?)(1 — |ax|?) 2)

i (1= lawl) + (1 —7) + [¢]]

< Ap((1—7) +[t]) exp (—K(l—r)so((l—r)+|t|))7

IN

whenever r € [R,1), t € [-m,71]. Here A and K are two constants that

depend only upon ¢ and R and

u) = 1_’ak|2 u o0
A O

Observe that

1 oo
@ o) < 53 3301 fauf)

After two changes of variable: first § = 6(t) = 1 — r + t and then

u = u(r) = 1 — r, some obvious estimates, and Fubini’s theorem, we
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fR§|Z\<1 | B'(2)[F dA(z)

Afn (ffﬁ P (1 —7) +|t]) exp ( — Kp(1—r)p(1—r)+ |t|)) dt) dr
2A o | [T ((1—7) + 1) exp ( — Kp(1—r)p((1—r)+ t)) dt) dr
2A [o | [T 0P(0) exp (— Kp(1 — r)p(6)) d@) dr

2A o | [ oP(0) exp (— Kp(1—7)p(9)) d&) dr

24 [} " < 2T oP(0) exp (— Kpup(9)) d9> du,

2A fozﬂ (fol ¢*(0) exp (— Kpup()) du) do,

Making yet another change of variable z = x(u) = ue(f) and using

(7), we get

NP 2m ©(0) ) - L
/R g\z|<1|B(Z)‘ dA(z) <24 /0 ( /0 ©P(0) exp( pr)w(e) dx) a6,

because the points a; satisfy the Blaschke condition and 0 < p < 5.

3
2

This ends the proof. [
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3. INTERPOLATING BLASCHKE PRODUCTS

WITH ZEROS IN A STOLZ ANGLE

The following result was proved by Protas.

THEOREM H. If 1/2 < p < 1 and B is a Blaschke product whose

sequence of zeros {ax} satisfies

(9) Zl—|ak|1p<oo
k=1
then B’ € HP.

For a generalization, see Ahern [1], Cohn [7] proved the converse of
Theorem H for interpolating Blaschke products.
The following result is due to H. O. Kim [17].

THEOREM 1. Let {ay} be the zero set of a Blaschke product B and

suppose that also

(10) D (1= ag])*™” < o0,
k=1
for a certain p € (1,2). Then B' € AP.

In a joint work with D. Girela and D. Vukoti¢ [15], we have proved

the converse for interpolating Blaschke products.

THEOREM J. If 0 < p < 2 and B is an interpolating Blaschke product
with zeros {ay} such that B' € AP then

o0
Zl—|ak|2p<oo
k=1

In the proof of this result several results on (), spaces are used.
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When 0 < p < oo, a function f, analytic in A, belongs to the space
Q, if

SUP/NU%@FQWMQP¢4@)<CE,
a€EA JA

where g denotes the Green function for the disc given by

1—az

9(z,a) = log it

a—z

The @), spaces are nested,
QpCQsCQr=BMOAC Q=B 0<p<s<l1l<t,

where B is the Bloch space. There are various characterizations of @,
spaces. The one that will be useful for us is expressed in terms of
p-Carleson measures.

A positive Borel measure p is said to be a p-Carleson measure on A

if there exists a positive constant C' such that for all interval I C T
p(S) < ClP,
where |1| is the length of I and S([) is the Carleson square
it it 1]
S(I)={re": " €1, 1—2—§r<1}.
T

The special case p = 1 yields the classical Carleson measures (cf.[9]).
The following characterization of ), spaces was obtained by Aulaskari,

Stegenga and Xiao [4].

THEOREM K. Let 0 < p < oo. A function f holomorphic in A is a

member of Q, if and only if the measure p on A defined by

du(z) = (1= [2]")"If (2)" dA(2)

1s a p-Carleson measure.
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Essén and Xiao [11] used this result to characterize the inner func-
tions that belong to @, spaces (0 < p < 1). In particular, their result

can be stated for Blaschke products as follows.

THEOREM L. Let p € (0,1) and let B be the Blaschke product with
zeros {ay}. Then B € Q, if and only if the measure

dpy(z) = Y (1= |axl*V'a

is a p-Carleson measure. As usual, d,, denotes the point mass at ay.

Danikas and Mouratides [8] obtained a sufficient condition for mem-
bership of a Blaschke product in Ny<p<1@), expressed in term of the
sequence of the moduli of its zeros. They introduced the following con-
cept: A sequence {a,}22, such that a,, > 0, @, > 1, n=1,2,...,
and lim, .. o, = 0, is said to be asymptotically concentrated if for
each £ = 1,2,... there exists an increasing sequence n, of positive
integers that only depends on k, with the property that

. an
lim P =1.
P00 Ol 4k

Sometimes it is difficult to manage this definition, so this lemma will

be very useful for us.

LEMMA M. Suppose {a,}5%, such that o, > 0, a, > Qpyiq, n =

1,2,..., and lim,,_,o o, = 0. Then the sequences

n
o -1
Cp = O, E oy
k=1
and

oo
dn:ozfll 5 oy,

k=n+1
are both bounded if and only if the sequence {,}5°, is not asymptoti-

cally concentrated.
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Using Theorem L, Danikas and Mouratides [8] were able to prove

the following result.

THEOREM N. Let B be a Blaschke product with ordered sequence of
zeros {ag}e,. If the sequence {1 — |ag|}32, is not asymptotically

concentrated, then B € Nocp<1@p.

The inequalities (1), the above theorem and Lemma 1 on p. 150 of
9] are used in [15] to obtain a sufficient condition for membership of a

Blaschke product in Ny<p<1@yp-

THEOREM O. Let B be an interpolating Blaschke product whose ordered

sequence of zeros {ay}32, is contained in a Stolz angle. Then

B € m0<p<1Qp-

We include the proof of Theorem G, which can be found in [15], for
the sake of completeness.
Proof of Theorem G. Let B be an interpolating Blaschke product
whose sequence of zeros {a;} is contained in a Stolz angle. Using

Theorem O we see that

B S mO<p<162p7

and then Theorem L implies that for all 0 < p < 1

dup(z) = Y (1= |ax*)s
is a p-Carleson measure.
So it is clear that dpu,(z) is a finite measure for all 0 < p < 1, that
is, .
D (1= a])? < oo,
k=1

forall 0 <p< 1.
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Consequently by Theorem H, B’ € Nocge1H? C Mpygea Al O

4. TWO CONSTRUCTIONS OF A BLASCHKE PRODUCT WHOSE

DERIVATIVE DOES NOT BELONG TO ANY HARDY SPACE

Proof of Proposition 1. Let p > 0, by Lemma D, it suffices to prove

that
=3 (klog? k)1
(11) k=3 (k log2 k)=2 + (t B 10g72 k)2

klog® k
s 1+ /’{:2(tlog2 k — 1)2

does not belong L?(0, 27).

1
For each t € [0, 1], we set x; = evi, which is the solution of the

7_]7
4

equation

tlog?z —1=0,

and let K; be the biggest integer < x;.
Then there exist C' > 0 and A > 0, indepedent of ¢, such that

1

eVt
t

f(t) > C(Kilog® K;) > CA(xilog’ ;) = CA

Consequently

2
| =
0

and this finishes the proof. []
A basic tool in the proof of Theorem 2 will be this deep result of
Naftalevich.

THEOREM P. For any Blaschke sequence {ay}, there exists an inter-

polating sequence {z} such that |zx| = |ag| for each k.
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The original paper [19] is not easily accessible, but a detailed and
constructive proof can be found in Cochran’s paper [6].

Proof of Theorem 2. Let the sequence {ax} be defined by
ap =1— (klog>k)™", k=23....

Since {ax} is a Blaschke sequence, using Cochran’s construction, we

obtain an interpolating sequence {z}, such that |z;| = ay, for all
k=23....
Now whenever p > 1, we have
o0 o0 1
(1= |z])> = —— = 0,

then by Theorem J, the interpolating Blaschke product whose sequence
of zeros is {z;} satisfies that B’ ¢ U;,AP.
Consequently by Proposition F, B" ¢ Uy, H?. [
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