EMBEDDING THEOREMS AND INTEGRATION
OPERATORS ON BERGMAN SPACES WITH RAPIDLY
DECREASING WEIGHTS.

JORDI PAU AND JOSE ANGEL PELAEZ

ABSTRACT. We completely describe those positive Borel measures p in
the unit disc D such that the Bergman space AP(w) C L%(u), 0 < p,q <
0o, where w belongs to a large class W of rapidly decreasing weights
which includes the exponential weights w,(r) = exp (ﬁ) ,a > 0,
and some double exponential type weights.

As an application of that result, we characterize the boundedness and
the compactness of T, : A?(w) — A%(w), 0 < p,q < 00, w € W, where
T, is the integration operator

(T,f)(2) = / 1O 6O de.

The particular choice of the weight w,(r) answers an open question
posed by A. Aleman and A. Siskakis. We also describe those analytic
functions in D for which T, belongs to the Schatten p-class of A?(w),
0<p<oo.

1. INTRODUCTION AND MAIN RESULTS

Let D be the unit disc in the complex plane, dm(z) = d“”Tdy be the normal-
ized area measure on D, and denote by H (D) the space of all analytic func-
tions in . A positive function w(r), 0 < r < 1, which is integrable in (0, 1),
will be called a weight function. We extend w to D setting w(z) = w(|z|),
z € D.

For 0 < p < oo, the weighted Bergman space AP(w) is the space of
functions f € H(DD) such that

HfHZ:;p(w) = /D |f(2)|Pw(z) dm(z) < occ.
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Note that AP(w) is the closed subspace of LP(ID, w dm) consisting of analytic
functions. If w(r) = (1 —r)*, «a > —1, the standard Bergman spaces A?
are obtained.

In this work we are going to study Carleson measures and integration op-
erators on Bergman spaces with rapidly decreasing weights, that is, weights
that are going to decrease faster than any standard weight (1 — )%, a > 0.
Concretely, we consider a decreasing weight of the form w(z) = e %),
where ¢ € C%(D) is a radial function such that Ap(z) > B, > 0 for some
positive constant B, depending only on the function ¢. Here A denotes the
standard Laplace operator.

We will assume that (Ap(2))"* < 7(z), where 7(2) is a radial positive
function that decreases to 0 as |z| — 17, and lim, ;- 7/(r) = 0.

Furthermore, we shall also suppose that either there exist a constant
C > 0 such that 7(r)(1 — )~ increases for 7 close to 1 or

1
7nl_iglﬁ 7'(r) log ) =0.
If the weight w satisfies all the previous conditions, we shall say that the
weight w belongs to the class W. The class W includes (see Section 7) the

exponential type weights

—C

w%a(r) = (1 — 7“)7 exp (m) N Y 2 0, o > O7 c > 0,

and the double exponential weights

w(r) = exp (—7exp (ﬁ)) C a.B.y>0.

For the weights w considered in this paper, the point evaluations L, at
the point a € D, are bounded linear functionals on A?(w). Therefore, there
are reproducing kernels K, € A*(w) with ||L,|| = || K4 42(s) such that

Lof = (f.K.) = / f) Kal2) w(z) dm(z),  f € A2(w).

Some basic properties of the Bergman spaces AP(w), w € W, are not yet
well-understood and have attracted some attention in recent years. The
interest in such spaces arises from the fact that the usual techniques for
the standard Bergman spaces fail to work in this context. For example, the
natural Bergman projection

Pf(a) = /D FO K@ w(z) dm(z), acD,

is not necessarily bounded on LP(D,wdm) if p # 2 (see [9]). This carries
that the dual spaces of AP(w), w € W have not been identified.
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Let X be an space of analytic functions on the unit disc D. A positive
Borel measure p in D is said to be a ¢-Carleson measure for X if the em-
bedding X C L%(u), 0 < g < oo, is continuous. After the pioneering works
of L. Carleson (see [7] and [8]), there has been a great amount of research
on this topic, and these measures have found many applications in other re-
lated areas. A description of those measures have been obtained for several
spaces of analytic functions (see e.g. [5], [11], [14] and [19]). Here we obtain
a complete description of the g-Carleson measures for AP(w), 0 < p,q < oo,
for weights w in the class W.

Let D(a,r) be the Euclidean disc centered at a with radius r > 0, and for
easy of notation, for any ¢ > 0 we write D(é7(a)) for the disc D(a, d7(a)).

THEOREM 1. Let w € W and let i be a finite positive Borel measure on D.
(I) Let 0 < p < g < 0.
(a) The embedding Iy : AP(w) — L%(u) is bounded if and only if for
each sufficiently small 6 > 0 we have
1
1.1 K, = sup ——— —a/p 4 < 0.
(L.1) . ilelug 7(a)/r /D(&@))MZ) #lz) < 0o

Moreover, if any of the two equivalent conditions holds, then

Ky =< ||IdH,q4p(w)_>Lq(“)-
(b) The embedding I : AP(w) — LI(p) is compact if and only if for
each sufficiently small 6 > 0 we have
1
1.2 lim sup —/ w(z)"YP du(z) = 0.
(12 =17 o>+ T(@)*7 [ p(57(a)) ) )
(II) Let 0 < g < p < 0o. The following conditions are equivalent:

(a) Iy : AP(w) — Li(p) is compact;
(b) 1;: AP(w) — L%(u) is bounded;
(¢c) For each sufficiently small § > 0, the function

1 _
S T(Z)2 /D(ér(z))w(g) " dlu(g)

belongs to Lv-a(D, dm).

For the standard Bergman spaces A?, the statement of Theorem 1 also
holds, and in that case the condition can be simplified (see [17, Theorem 2.2]
for the case 0 < p < ¢ < oo, and [20] for the case 0 < ¢ < p < o). Related
results can be found in [21] and [22].

The above result can be used in order to study several related questions.
Here we put our attention on the operators Tj defined by

(T,1)(z) = / RO Q) de,
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where ¢ is an analytic function on . The boundedness and compactness
of T, on classical spaces has attracted a lot of attention in recent years (see
2], [3] for Hardy spaces, [4], [10], [25] for weighted Bergman spaces, and
[13], [14] for Dirichlet type spaces). We also mention the surveys [1] and
[27] for an account of results and open questions on the operator T,. Note
that as special choices of the symbol g one gets several important operators:
the Volterra operator (7, with ¢g(z) = z) and the Cesaro operator (7, with
g(z) =1log(1/(1 — 2))). In particular, A. Aleman and A. Siskakis proved in
[4] the following result.

THEOREM A. Suppose that w is a weight satisfying the following conditions:
(P1) There is a positive constant C' such that

1 1
o) /r w(s)ds < C(1—r).
(P2) There are s € (0,1) and a positive constant C' such that

w(sr+1—s)>Cuw(r), 0<r<l.

Then for 1 < p < oo T, is bounded (compact) on AP(w) if and only if g
belongs to the Bloch space (little Bloch space).

Recall that an analytic function f in D belongs to the Bloch space if
sup,ep(l — |2])[f'(2)] < oo, and f belongs to the little Bloch space if
limp; - (1 = [2)[f'(2)] = 0.

The large class of radial weights w satisfying conditions (P1) and (P2)

of Theorem A includes the standard weights w(r) = (1 —r)®, « > —1, but
excludes the exponential ones
—c

(1.3) we (1) = exp (W

(they do no satisfy condition (P2)). In relation with the exponential weights,
A. Aleman and A. Siskakis in [4] proved that, for 1 < p < oo, T, is bounded
on AP (w,) if

), c>0,a>0,

(1= [z)*g' () = 0(1), as |z| =1,

and the operator 7, is compact on AP(w,) whenever the corresponding
“little oh”condition holds, and raised the open problem of whether this
condition is necessary for the boundedness (compactness) of T,. A positive
answer for p = 2, ¢ > 0 and a € (0, 1] has been given recently by Dostani¢ in
[10] by using precise and specific techniques which involve the exponential
weight defined in (1.3). In this paper we shall give a positive answer to
that question (see Theorem 2 below). Indeed, we completely describe the
boundedness and compactness of T, : A?(w) — A%(w), 0 < p,q < oo, for
weights w € W.

In the proof of Theorem A given in [4], two facts play an essential role.
First, for some 0 < s < 1 the composition operator induced by the symbol
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s(z) = sz — s+ 1 is bounded on AP(w). Since this does not remain true
for rapidly decreasing weights such that w, (see [15, Theorem 1.1]) their

method cannot be applied in our case. The second key step in the proof of
Theorem A consists of proving that

(1.4) feA(w) < (1-[)]f(2)] € L (w),

consequently it will be useful for our class of weights to establish a result
analogous to (1.4) replacing the quantity (1 — |z|) for a suitable distortion
function. So, following Siskakis [26], for a given weight w, we define the
distortion function of w by

Yu(r) =

The next result is the case ¢ = p of Theorem 1.1 of [24].

1

w(r)

1
/ w(u)du, 0<r<1.

THEOREM B. Suppose that w is a differentiable weight, and there is L > 0
such that

(1.5) sup wir) /1w(x)da: <L,

0<r<1 w(”’)2

then for each p € (0,00) and g € H(D
[ laIPuts) dmz) < ) + / /)P Yl w(z) dmz)

It is clear that condition (1.5) is satisfied for any decreasing differentiable
weight.

Finally, we are going to state the promised result about the description
of the boundedness and compactness of T, : A?(w) — A¢(w), 0 < p,q < o0,
we W.

THEOREM 2. Let 0 < p,q < oo, g € H(D), and w € W with
(1.6) Ap(z) =< ((1— |Z|)t1/1w(2))_1 , ze€D, forsomet>1.
(I) (a) T, is bounded on AP(w) if and only if
sup 1h(2) g'(2)] < oo
zeD
(b) T, is compact on AP(w) if and only if
lim sup ¢ (2) g'(2)] = 0.

=17 2>
(I1) Let 0 < p < q < 0o. Then T, : AP(w) — A%w) is bounded if and
only if g is constant.
(III) Let 0 < g < p < co. The following conditions are equivalent:
(a) Ty : AP(w) — A%(w) is compact;
(b) T, : AP(w) — Al(w) is bounded;

(¢) The function g € A"(w), where r = 2.
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The corresponding result for the standard Bergman spaces A2 can be
found in [4] and [25]. The particular choice of the exponential weight w,
defined in (1.3) solves the problem posed in [4, p.353], since the distorsion
function of w, is comparable to (1 — |z[)'™® (see e.g. [26, Example 3.2]).

If T is a compact operator on a separable Hilbert space H, then there
exist orthonormal sets {e,} and {o,} in H such that

Tx = Z)\n(x,en>an, x € H,

where A, is the nth singular value of T

Given 0 < p < 00, let S,(H) denote the Schatten p-class of operators on
H. The class S,(H) consists of those compact operators 7" on H with its
sequence of singular numbers A, belonging to /7, the p-summable sequence
space. It is also well known that, if )\, are the singular numbers of an
operator T', then

A = A\(T) = inf{||T — K|| : rank K <n}.
Thus finite rank operators belong to every S,(H ), and the membership of
an operator in S,(H) measures in some sense the size of the operator. It is

also clear that the use of two equivalent norms in H does not change the
class S,(H). In the case when 1 < p < oo, §,(H) is a Banach space with

the norm
1/p
1T, = (j{:\AnV> :

n

while for 0 < p < 1 we have the following inequality
1T+ Sy < 1715 + 151]3-

We refer to [28] for more information about S,(H).

In [3], using a result D. Luecking [18] concerning the Schatten classes
of certain Toeplitz operators, (see also [2] and [16] for related results), a
description of those g € H(D) for which T, € S,(A2) is obtained. In this
paper we give a direct proof of the following result.

THEOREM 3. Let g € H(D) and w € W satisfying (1.6).
(a) If 1 < p < oo then T, € S,(A%(w)) if and only if
Yo |d'| € LP(D, Apdm).
(b) If 0 < p <1 then T, € S,(A*(w)) if and only if g is constant.
The paper is organized as follows: Section 2 is devoted to some prelimi-
naries needed for the proofs of the main results. In Section 3 we construct
the test functions which are used in the proof of Theorem 1 in Section 4.

We prove Theorem 2 in Section 5 and Theorem 3 in Section 6. Finally, in
Section 7 several examples of weights w in the class VW are given.
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Throughout the paper, the letter C' will denote an absolute constant
whose value may change at different occurrences. We also use the notation
a < b to indicate that there is a constant C' > 0 with a < Cb, and the
notation a < b means that a < b and b < a.

2. PRELIMINARIES

In this section we present some previous results, that can be of indepen-
dent interest, which are needed to prove the main results.

Let 7 be a positive function on . We say that 7 € L if there exist
constants ¢y > 0 and ¢; > 0 such that

(2.1) T(z) <co(1—|z]) for =z €Dy

(2.2) I7(z) =7(Q)| < erlz—¢|, for 2D,
Throughout this paper, we will always use the notation
min (1, cal, cl_l)

my = 5

4

where ¢y and ¢; are the constants in (2.1) and (2.2).

LEMMA 1. Suppose that 7 € L, 0 <0 < m, and a € D. Then,
1

57(@) S7(2) <27(a) iz € D(67(a)).

Proof. Note that, by condition (2.2) we have
1
7(a) < 7(2)+ |z —al < 7(2) + ZT(G) if  |z—al <d7(a).
Therefore 7(a) < 27(z) if |z — a] < d7(a). Similarly it can be proved that
7(z) < 27(a). ]

The following result, where the fact that |f(2)|P w(z) verifies a certain
sub-mean-value property is proved, will play an essential role in the proof
of the main theorems of this paper.

LEMMA 2. Let ¢ be a subharmonic function, w = e~%, and let 7 € L such
that 7(2)* Ap(z) < ¢y for some constant co > 0. If B € R, there exists a
constant M > 1 such that

a)|Pw(a)® M 2)|Pw(z)? dm(z
P e’ < g [ Py ),

for all0 < d <m, and f € H(D).

Proof. By Green’s formula we have

1 r r
3w [ eOd=re@ g [ A o ram),
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Integrating the last identity between zero and § 7(a), using that 7(2)?Ap(z) <
c9, and Lemma 1, we obtain

7
¢(¢) dm(¢
7(a)? D(57(a)) ( (©)
o7 (
<0 2)"? log ——— dm(z) rdr
|z—a|<r |Z - CL|
07(a
< 6%p( 462 / / log dm(z) rdr
|z—a|<r |Z - a’
2c
_ 52 2
=6“p(a) + T(a)4/0 r3dr
54

So if B > 0, rewriting the previous equation in terms of the weight w, and
multiplying by (3, we obtain

po 1 o
(2.3) logw(a)” < 57 (a)? /D((;T( ; logw(¢)” dm(¢) + log M,

with M = exp(Bc26%/2) > 1. Also, the subharmonicity of log|f| gives
1
20 slf@P < g [ gl dm(a)
6%7(a)? D(57(a))

Now, adding equations (2.4) and (2.3), and using the arithmetic-geometric
inequality we get the desired result.

If 3 <0, then w’ is a logarithmic subharmonic function, so (2.3) holds
with M = 1, and arguing as in the previous case the conclusion is obtained.
This finishes the proof. U

We note that if a weight w belongs to the class W, then its associated
function 7(z) belongs to the class £. Thus Lemma 2 proves that for weights
w in the class W, the point evaluations L, are bounded linear functionals
on AP(w). Another consequence is that norm convergence implies uniform
convergence on compact subsets of D. It follows that for w € W, the space
AP(w) is complete.

The next result proves that the weights in the class W decrease faster
than the standard weights (1 — |2])*, a > 0.

LEMMA 3. Consider a weight of the form w(z) = e~%), where ¢ € C*(D)
is a radial function with (Ap(2))"* =< 7(2), and 7(2) is a radial positive
differentiable function that decreases to 0 as |z| — 17. If lim,_, 7'(r) = 0,
then

lim w(z)

|z|—1— T(Z)a

=0

for each a > 0.
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Proof. We may assume without loss of generality that ¢(0) = ¢’(0) = 0.
Since

w(z) _ e—go(z)—ozlog 7(z)

7(2) 7
it is enough to show that

lim #(2)
2|—1- log %

Write r = |z|. Use the fact that 7/(r) is negative in some interval (7o, 1),
the formula

o) = [ sap(s)ds

and the assumption lim,_; 7(r) = lim,_; 7/(r) = 0, to obtain

¢'(r) 20/’"&>0/r: (—7'(s))ds N C

o T(8)2 7(s) 7(r)

for r close to 1. This, together with Bernouilli-I’Hopital theorem gives

!/
L) )
r—1- log =5 r—1- —7/(r) r—1- —7/(7)

This finishes the proof. O

The following lemma on coverings is due to Oleinik, see [21].

LEMMA C. Let 7 be a positive function in D in the class L, and let § €
(0,m;). Then there ezists a sequence of points {z;} C D, such that the
following conditions are satisfied:

(0) zj & D(07(2x)), J # k-
(17) Qj D(67(z)) =D. )
(ii1) D(o7()) © D(30(z7)), where DE7(21)) = Unepioriyy DO7(2),
i=1,2,...
(1v) {D(357—(Zj)>} is a covering of D of finite multiplicity N.

3. TEST FUNCTIONS

It is known that having an appropriate family of test functions in an
space of analytic functions X can be a good help in order to characterize
the g-Carleson measures for X. In this section we will do the job for the
spaces AP(w). The following result, partially proved in [6], will be a key in
the proof of Theorem 1.

LEMMA 4. Assume that 0 <p < oo, n € N\ {0} withnp > 1 and w € W.
Then, there is a number py € (0,1) such that for each a € D with |a| > po,
there is a function Iy, , analytic in D with

(3.1) | Fonp(2)fw(z) <1 if |z—al <7(a),
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and

(32)  |Funp(2)| w(z)"? < min (1, min (’Z(f);br@)) , zeD.

Proof. If 1 < p < 0o, and n = 1 the result follows directly from Lemma 3.3
in [6]. Now, if 0 < p < oo and np > 1 applying the previous case, we have

|Foinp(2)|"w(z) <1 if |z—a| <7(a),

and

|Fytnp(2)| w(2)7 < min <1,

That is, if we choose Fi, ., = F}'y,,,
|Fonp(2)Pw(z) <1 if |z—a|] <7(a),

and

min (7(a), 7(2)) ) . LD,

|Fa,n,p(z)| w(z)l/p < min (1; z—a

This finishes the proof. U

As an immediate consequence of that Lemma, as it is noticed also in [6],
we get an estimate for the reproducing kernels of A%(w).

COROLLARY 1. Let w € W. There is a number py € (0,1) such that

(i) for 0 < p < oo and n € N\ {0} with np > 1 the function F,,,, in
Lemma 4 belongs to AP(w) with

”Fa,n,puip(w) =7(a)?, po<lal <1.
(i) the reproducing kernel K, of A?(w) satisfies the estimate
1K allhz0) w(a) < 7(a)%, po < la] < 1.

Proof. Let a € D with py < |a] < 1, and consider the functions F,,,
obtained in Lemma 4. Write

Ri(a) ={z€D:2"'7(a) < |z —a| < 2*7(a)}, k=1,2....

Note that (3.1) gives

[ Rl ) dm(e) = (o),
|z—a|<T(a)



EMBEDDING THEOREMS AND INTEGRATION OPERATORS 11
and, by (3.2) and the fact that 3np > 2,

Fonp(z)Pw(z)dm(z) < Fonp( z)dm(z
[ sl wl)dm(e Z/R wlz) dm(z)

dm(z)
< 7(a)®? / _—
( ) ; Rk(a)|Z _ 6L|3np
s 22’3"pkm(Rk(a))
k=1
< 7(a).

Therefore Fy ) € AP(w) With [|Fy |l < 7(a)?, which gives (i).
The use of Lemma 2 (with § = 1) gives the upper estimate of (i),
a2y wia) S 7(a) ™%

On the other hand, the functions F, ; » obtained from the previous Lemma
satisfy (by (7)) that Fu12 € A*(w) with [|Fy12[/%2(,, < 7(a)?, and by (3.1)
this gives

_ -1
|[Fap2(@)l* < w(a)™ = (w(a) 7(a)*) " | Fanelliow

Since || Kol a2(w) = || Lall, where L, is the point evaluation functional at the
point a, this proves the lower estimate of (7). O

PROPOSITION 1. Let w € W, 0 < p < o0 and n € N such that n >
max{1/p, p}. If po is the number given in Lemma 4 and {z} C D is the
sequence from Lemma C, the function

N~
zk:|zk>po
belongs to AP(w) for every sequence {a} € (P. Moreover,

1/p
1F vy S (D lanl?) ™

k

Proof. In what follows, we shall write

E — k1P k1P .
(Z) | E ag T(Zk)Z/p = g ag T(Zk)z/p
2g:| 2| >po k



12 JORDI PAU AND JOSE ANGEL PELAEZ
If 0 < p <1, then bearing in mind Corollary 1, we have that

1Py = [ ‘Zak o
ol
<l
k
<O axl.
k

If p > 1, an application of Holder’s inequality yields
(3.3)

p—1
|ak]p p(n—p+1) n
FEI <3 2 P (o r(a)? a7

k k

p

w(z)dm(z)

Now, we claim that

(3.4) ZT(Zk)Q | Fopnp ()" S w(z)m

k

In order to prove (3.4), note first that using the estimate (3.1), Lemma 1
and (iv) of Lemma C, we deduce that

> () [ Famp(2) P
{zx€D(2,007(2))}
(3.5)

1 , _ T(2)?
S W Z T(21)" S w(z)/n

{zL€D(z,007(2))}

On the other hand, an application of (3.2) gives

Y (@) Fanp()P"

{2k€D(z,007(2))}

o T 3 7(2)?

1/n s — 2|3
w(z) {zk¢D 250m(2)} B
)

T(z 3p
w(z)1 ]Zo Zk;(z |z — zk]?’f’
where
Ri(z) ={CeD:26y7(z) < |¢ — 2| <2 é7(2)}, j=0,1,2...
Now observe that, using (2.2), it is easy to see that, for 7 =0,1,2,...,

D(z1, 007 (21)) C D(2,58027(2)) if 2z € D(z, 271 57(2)).
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This fact together with the finite multiplicity of the covering (see Lemma
C) gives

Z (z)? < m(D(z,5502j7‘(z))> < 2%7(2)2

2z, €R; (2)
Therefore
n Z
Z T(Zk)2|sz’n’p(2)|p/ < Z l/n Z Z |Z _ Zk|3p
{z€D(z,007(2))} J=0 zL€R;(2)
9—3pJ
S5 w Z Z
ZkER z)

2 o

< 7(2) 22(2—310)]'

~ w(z)l/n o
2

O

~ w(z)/n

which together with (3.5), proves (3.4).

Now, joining (3.3) and (3.4), we obtain

p(n—p+1)

IE N oy < Frymp(2)] 7 7(2)P2w(z) 7 dm(z)
So, it is enough to show that
3O [P T 70 ) € ()
to obtain the desired estimate
|F||Ap(w < Z |a .
It follows from (3.1) that
/|z i Pama O 772 02 )

(3.7)
~ / ()2 dm(z) = 7(2)¥
lz—2p|<T(2k)

On the other hand, using (2.2), it follows that

7(2) < C27(z) if |z — 2| < 27(2).
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Thus, since n > p, bearing in mind (3.2), we deduce that

p(n—p+1)

F, np(z ()P 2 (2) R dm(z
k1P
|lz—2k|>7(21)
2p—2
< 3p(n—p+1) T(Z) d
~ T(Zk) /|Z_Zk27(2k) ’Z _ Zk|3p(n—p+1) m(z)

7(2)%2

(Zk) |Z — zk|3p(n_p+1)

< 7(5) PPy / dm(2)

=0 207 (1) <|z—zp | <29 1T

< Z 9—3ip(n—p+1) T(Z)Qp_2 dm(z)
=0

oo
S 7)Y 27O S (),
7=0

/QjT(Zk)<|ZZk|<2j+1T(Zk)

which together with (3.7) gives (3.6). This finishes the proof. O

4. PROOF OF THEOREM 1

4.1. Proof of (I): boundedness. Suppose first that I, : A?(w) — L9(p) is
bounded. It is enough to deal with the case |a| > pg, where pg € (0,1) is the
number given in Lemma 4. For a € D with |a| > py, consider the function
Fynop obtained in Lemma 4, where n is the smallest natural number such
that nop > 1. By Corollary 1, we have ||F, , ,| ip(w) = 7(a)?. Then, using
the estimate (3.1) of Lemma 4,

[ wy i) s [ (Faale)dut)
D(47(a)) D(67(a))

< / oo ()17 dp2)

||Id||ixp(w)_>Lq(u) HFa,no,p“pr(w)

2q

S
< ||Id||qu(w)_,Lq(u) T(a)¥,

proving that Kyw < C|lLall% ) £a(u)-

Conversely, suppose that (1.1) holds. This implication was proved by
Oleinik in [21], but we give a proof here for the sake of completeness. Using
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Lemma C, Lemma 2 and Lemma 1, it follows that

(11
/urw S5 iy VO

S Z / D(67(2,)) ( / (M@)Lf(mp w(g)dm(g)) Zw(z)—g dulz)

’ w(z)™} duz)
Z</ 357@) HOPw) @) /DwT(z]-)) 7(2)7
Nuwz<ﬁww ﬂp@mmﬁ

Now, using Minkowski inequality and the finite multiplicity NV of the cov-
ering {D(367(z;))}, we have

[ 1@ an: <m%2/%% @mmwm

S Ko N7 || £

hSES

proving that Iy : AP(w) — L%(p) is continuous with || Zal|% ) za(u) S Kpw-

4.2. Proof of (I): compactness. Suppose that (1.2) holds. Fixed § €
(0,m,), consider the covering {D(d7(z;)} given by Lemma C, and let {f,}
be a bounded sequence in AP(w). By Lemma 2, {f,} is uniformly bounded
on compact sets, and by Montel’s theorem {f,} is a normal family. Then
we may extract a subsequence { f,,, } converging uniformly on compact sets
of D to some function f. Using Fatou’s lemma, it is easy to see that f must
be in AP(w). Given ¢ > 0, fix 0 < rg < 1 with

1
(4.2) sup —/ w(z)" P du(z) < e
D(67(a))

la|>ro T(@)/P

Observe that there is r; < 1 with ry < 7 such that if a point zj of the
sequence {z;} belongs to {|z| < 7o}, then D(07(z)) C {|z| < r(}. So,
take ny big enough such that supj. <, |fn,(2) — f(2)| < e. Then, setting
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Gn, = fn, — f, and arguing as in (4.1), it follows that

ol < | .</'g”’“ AN+ 3 [ )
z|<rq T(z;

|z5|>70

< sup |gn, (2 Z /6 |9y, (2)|* dpa(2)

\z|<7"0 I2|>T0

1
q —q/p
< Ce + Cllgng [ hr(wy sUP (227 /17(6 (z])w(z) du(z)

|z5 >0 7(25))

< Ce.

In the last inequality we use (4.2) and the fact that {f,, — f} is also a
bounded sequence in AP(w). This proves that I; : AP(w) — L9(p) is com-
pact.

Conversely, suppose that I; : AP(w) — L4(u) is compact. Take the
smallest natural number ng such that nop > 1 and let

Fan
fa,no,p(z) = Ma

T(Q)Q/p
where py € (0,1) and F, ,,, are obtained from Lemma 4. By Corollary 1,

SUD|a|>po || fanopllarw) < C, and the compactness of the identity operator
implies that {fan,p 1 po < |a] <1} is a compact set in L?(p). Thus

pOS |CL| <17

(4.3) lim | fanop(2)|*dp(z) =0 uniformly in a.

r—l1 r<|z|<1
On the other hand, the estimate (3.2) gives

7(a)3mor—2 1+7r
| famop(2)[Pw(2) S D |z <7, af =

Thus fun,p — 0 as |a|] — 1 uniformly on compact subsets of D, which
together with (4.3) implies that limg 1~ || fangpl/ze(u) = 0. Therefore, using
the estimate (3.1) of Lemma 4,

|
sup —— w(z) 7du(z) S sup / Famop(2)|7 d(2)
jal>r T(@)%P | pisr(ay) la|>r J D(67(a)) "

< sup || fanopll7ag):
la|>r

and this tends to zero as r — 17, completing the proof.

4.3. Proof of (II). The implication (a) = (b) is obvious. To prove that
(b) = (c¢), we use an argument of Luecking (see [20]). Let {z;} be the
sequence of points in D from Lemma C. Let n be a positive integer such
that n > max (1/p,p), and for an arbitrary sequence {ax} € ¢P, consider
the function

Gz)= > apri(t) %;;fp) 0<t<l,

zk:| 2k > po
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where 71 (t) is a sequence of Rademacher functions (see page 336 of [20], or
Appendix A of [12]). By Proposition 1, the function G; belongs to AP(w)
with

1/p
Gellarin < € (2 \am) |

k

Thus, condition (b) gives

a/p
/D\Gt(Z)quu(Z) <C (Z Iak|”) ,  O0<t<l

k
Integrating with respect to ¢ from 0 to 1, applying Fubini’s theorem, and

invoking Khinchine’s inequality (see [20]), we obtain

2

a/2 a/p
(4.4) /D > a \2‘:271—];22” du(z)§0<2\ak|p>.

2kt |2k 1> po k

Let § € (0,m,). If xg(z) denotes the characteristic function of a set
E, bearing in mind the estimate (3.1), and the finite multiplicity N of the
covering {D(367(z;))} (see (iv) of Lemma C), we have

q
lal” / w(=) P du(2)
P (367 (2x)

wt |20 T(20) P )

|ag|? /
N |Feynp(2)] dpa(2)
Z 2 Jo@sray

2t 21> po T(Zk)?

= ol g q d
b Z . 37 | Fonp (2| XD (387(20)) (2) dpa(2)
2t |zk|>p0 T\Rk) P
Fyna(2)
<o [ |5 ‘2% au2)

2! |Zk\>po

This, together with (4.4) yields

q/p
a q
2: |k|2q/ ()q/pd,u <C<§:\ak|p>
|z |>po T(2) 7 JD@BT(21))

Since the sequence {ax} € (¥ is arbitrary and 2 > 1, if we put by = |a[?,

then using the duality between ¢4 and €77 we conclude that the sequence

L w(2)"YP du(z
{r(zk)? /D<3&<zk>> =) )}

|25 |>po
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belongs to 617%1, that is

p

4 X (g w0 ) ey <

|22]>p0 )

Note that there is p; < 1, with py < p; such that if a point 2 of the se-
quence {z;} belongs to {|z| < po}, then D(d7(2x)) C {|z| < p1}. Therefore,
using Lemma 1, (4i) and (ii¢) of Lemma C, and (4.5) we deduce that

p

/,l(ﬁ /D (67(2))’“](0q/de(C))Mdm(z)

P

1 ) > 2
a/r g d
S |Z;2po /D(‘ST(Zk)) (7(2)2 /D(ér(z))w(<> M(C) m(z)
1\ o
< T(2.)2 —a/p g ) d
L =
S YY) —q/p 9
h |Z;ZPO (T<Zk)2 /D(357'(zk))w(<) d,LL(C)) T<Zk) < Q.

This, together with the fact that the integral

/zkpl(# /D (aT(z))w(C)q/p du(C))pqum(z)

is clearly finite, proves that (c) holds.

Finally, we are going to prove that (¢) implies (a). The argument is
standard, but it is included for the sake of completeness. It is enough to
prove that if {f,} is a bounded sequence in AP(w) that converges to 0
uniformly on compact subsets of I then limy, .o || fall Lo(an) = O-

Let 0 € (0,m.). Bearing in mind (2.1), we deduce that for any r > %

(4.6) D <g T(z)) c {4 eD: [¢| > g} it |2 >

On the other hand, it follows from Lemma 2 that

w(z)_q/P

w2 < C——F—F——— (O] w(O)YP dm(¢).
el <ot | gy PO ()
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Integrate respect to du, apply Fubini’s theorem, use (4.6) and Lemma 1 to
obtain

(4.7)
/ (o)l du(2)
{2€D: |z|>r}

1
¢ 2 (O)]7w(O)Pdm w2~ Pd
ccf (TW [ OO <<>> (=) du(2)

w(z>—Q/p

e /{&w;} @i ([ . ) ()

dp(C)9/P L w(2)"9? dulz m(C).
SC[{CGD:KI%}Ifn(CH O (i ] 77 0] a0

If condition (c) holds, then for any fixed € > 0, there is 79 € (0,1), such
that

IN

p

/{CED: >3} (# /Dw(o?v(z)q/pdu(z)) "im(¢) < 7.

Then (4.7) and an application of Hélder’s inequality yields
(4.8)

/ fa2) 7 dpu(2)
{¢ED: |z|>ro}

q ! w2~ VYPdu(z ﬁm N
< Ol ( [—_— (g L i) (0)

< Ce sup || full%o )
< (Ce.

Moreover, since {|z| < 7o} is a compact subset of D, we have

lim | fn(2)|" dpu(2) = 0,

n—oo |Z|§TO
which together with (4.8), gives
T | full s = 0.

This completes the proof of Theorem 1.

5. PROOF OF THEOREM 2

5.1. Proof of (I) and (IT). Let 0 < p < ¢ < oo, and let § € (0, m,). Since
T,f(0) =0 and (T,f)'(2) = f(2)¢'(2), Theorem B gives

1Ty W) = / 19 (2)]7 ()7 w(z) dm(2).
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Therefore, the boundedness of the integration operator T, : AP(w) — A%(w)
is equivalent to the continuity of the embedding 1, : AP(w) — L%(p,,,) with
(5.1) dpg(2) = |9'(2)|* u(2)" w(z) dm(2).

By Theorem 1, this holds if and only if

(5.2) sup I(q, p, a) < o0,

a€D

where

a:; ()T 1y (2) 1w (2) P dm(z
Hop o) = o [ S () ()

Suppose that T, : AP(w) — A%(w) is bounded. Note that, bearing in
mind that 7(2)% < (Ap(z))~! and using Lemma 1, condition (1.6) gives

T(z)z = T(a)2 = a 1 z T(a
A=~ Oy~ @ 2 e Dlria)

. Then, using Lemma 2 (with § =1 — 1) and Corollary 1

(5.3) Uy(z) <

Write s =
we obtain

1_1
P q

Gula) |12,

T(a)?w(a)' s

(@ 1Kl 9 @) S Lo g0 )

[l .
5———4ﬂ%7/ w(=) % dpy(2)
T(a)?w(a) "7 JD(r()

1 / _q
S w(z)"» dpgw(2) = 1(g, p, a).
7(a)*? Jp(sr(a) !

Thus, if T, : AP(w) — A%(w) is bounded, it follows from (5.2) that
(5.4) Slelg%(a) | K all %20y 19/ ()] < o0
If ¢ = p then s = 0, and (5.4) proves that if T}, is bounded on AP(w), then

(5.5) sup tu(a) g (a)| < oo.

Conversely, if (5.5) holds, then it follows directly that sup,cp I (p, p, a) < oo.
Thus T, is bounded on AP(w), and the proof of part (a) of (I) is complete.

If 0 < p < g < oo, we are going to show that condition (5.4) implies
¢ = 0. To prove this, it is enough to see that ¢, (a) HKaH?jQ(w) goes to
infinity as |a| — 1~. By Corollary 1 and condition (1.6)

T(a>2—2$
(1 — Jal) w(a)*’

and this tends to infinity as |a| — 1~ by Lemma 3. This finishes the proof
of (1), since the other implication is trivial.

VYo (a) | Kol %) =
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Concerning the compactness part (b) of (1), note that using Theorem B,
the compactness of the operator T, on AP(w) is equivalent to the compact-
ness of the embedding I : AP(w) — LP(ug.,), where p,,, is the measure
defined by (5.1) with ¢ = p. By part (I) of Theorem 1, this holds if and
only if

fim sup o [P ) dmz) =0,
D(67(a))

r—1- la|>r T(CL)

and proceeding as in the boundedness part, we see that this is equivalent to

lim sup ¥, (a)|¢'(a)| = 0.

=17 |g|>r
5.2. Proof of (IIT). By Theorem B one has

6O Tl = [ G ) w(e) dm(2).

Using (5.6), we have that T}, : A?(w) — A9(w) is bounded if and only the
embedding I : AP(w) — L9(ug,,) is bounded, where p,,, is the measure
defined by (5.1). Thus the equivalence (a) < (b) follows from part (/1) of
Theorem 1.

(b) = (¢). We also use part (/1) of Theorem 1 to assert that (b) is
equivalent to

Cowi= [ (s [ Q1000 F () i) < o

7(2)* ()

Now, using Theorem B, Lemma 2 and (5.3), we obtain

10l = 9O + / (19 (2) "l 2) 0 (2)7") " dim(2)
< 9O + Cy

(¢c) = (b). If g € A"(w), then (5.6), Holder’s inequality and Theorem B
gives

Mol = (/ P w(z) dm(z))q/p ( [1gGr i o) dm<z>)‘”’“

5 ”gH?LV”(w) Hf”ip(w)

Thus T, : AP(w) — A%w) is bounded with ||T,]| < ||g||arw). This finishes
the proof.
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6. SCHATTEN CLASSES ON A?(w)

If {e,} is an orthonormal basis of a Hilbert space H of analytic functions
in D with reproducing kernel K, then

K.(Q) =) en(Q)en(2)

n

for all z and ¢ in D (see e.g. [28, Theorem 4.19]). It follows that

(6.1) D len)P < K

n

for any orthonormal set {e,} of H. Also, by (6) we have

LK) =Y a0, CeD.

n

Thus Parseval’s identity gives

(62 | - OIS

2
H

Now, we are going to give the proof of Theorem 3 on the description of
the Schatten classes S, := S,(A?(w)). First we consider the sufficiency part
of the case 1 < p < co. We need the following lemma.

LEMMA 5. Let w € W satisfying (1.6). Then

K_ || a2
' 5’ _O<H ZHA (w))’ ’Z‘:T
A2(w) ¢w(T)

K,
0z
Proof. Let {e,} be the orthonormal basis of A?(w) given by

en(2) = 2", neN,

where 02 = 2 fol r?"w(r) dr. Using Corollary 1 and (1.6), we have that

[e8) o9 1 -1
S22 = 3 fen ()2 = Kl oy = (1 1) ( / w<s>d8>) |
n=0 n=0 T

for some t > 1. So, if we consider the analytic function in D defined by

flz) = i o0
n=0

™

0) = (1= ([ i)

then My(r, f) = (% I” |f(7“€w)‘2d9>5 = ®(r), as r — 17, where

~1/2
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Now, bearing in mind that ¥, (r) < (1 — r) for a decreasing weight w, a
calculation shows that

)
d'(r) < (r) , r— 17,
V()
Moreover, it is easy to see that for w € W
" (r)d
(6.3) lim sup (r)®(r)

ro1- (@(r))?

Thus we can apply Theorem 2.1 of [23], which says that
My(r, f) = O(®'(r)) if  My(r, f) = O(®(r)),
when (6.3) holds (see condition (3.3) of [23]). Finally, since for r = |z|,

H = SR = 3 = M f)
n=0 n=1

we obtain
0
—K

PROPOSITION 2. Let g € H(D), 1 < p < 00 and w € W satisfying (1.6). If
Uy |g'| € LP(D, Apdm) then T, € S,(A*(w)).

o(r) _ 1Kl

b~ Uu(z) T

= My(r, f') = O (¥'(r)) =

O

Proof. By Theorem B, the inner product
(£ = SO0+ [ £ETE Pl dm(2)

gives a norm on A%(w) equivalent to the usual one. If 1 < p < oo, the
operator T, belongs to the Schatten p-class S, if and only if

> (Tyen, en)ul? < 00

for any orthonormal set {e,} (see [28, Theorem 1.27]). Let {e,} be an
orthonormal set of (A?(w), (,).). Note that Theorem B gives

/\en 2)|tw(2)w(z) dm(z) < leq|arw) < llenlizw) = 1.

This together with Holder’s inequality yields

> Ty ol <Z(/|g Den(2)e ()i (2)? (z)dm<z>)p
<y / 19 len(2)e ()t (27 0(2) din(2)

= /D lg'(2)]" (ZI%(Z)«BZ(Z)I) Yo (2) " w(z) dm(2),
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and since HKZHE‘Q(w)w(z) = Ap(z) (see Corollary 1), the result will be
proved if we are able to show that

(6.4) Z lea(2) ()] S %

To prove (6.4), we use Cauchy-Schwarz inequality together with (6.1) and
(6.2) to obtain

1/2 1/2
D len(z) e (2)] < (Z\en(2)|2> (ZI%(Z)IQ)

0
< L || 5

A (w) .

Now, the inequality (6.4) follows from Lemma 5. This completes the proof
of the Proposition. O

Now we turn to show the necessity for the case 0 < p < .

PROPOSITION 3. Let g € H(D), 0 < p < 0o and w € W satisfying (1.6). If
T, € 8,(A%(w)), then )] € LP(D, A dm).

Proof. We split the proof in two cases.

Case 2 <p < oo. Suppose that T, is in S,, and let {e;} be an or-
thonormal set in A?(w) and n > max {1/p, p}. Let {z} be the sequence
from Lemma 4, and consider the operator A taking ex(z) to f, (z) =
F., np(2)/7(2). It follows from Proposition 1 that the operator A is
bounded on A?(w). Since S, is a two-sided ideal in the space of bounded
linear operators on A?*(w), then T,A belongs to S, (see [28, p.27]). Thus,
by [28, Theorem 1.33]

Z ||Tg(fzk)||pAz(w) = Z “TgAek‘”Z?(w) < 0.
k k

This together with Lemma 4 and Theorem B gives

>/ N, dm<z>)p/2
=3 ( / NACIICIEECRTC dm<z>)m

S zk: </D o (D 19 () o (2)2 w(2) dm(z)>p/2

=S T (e gy < oo
k
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On the other hand, if ¢ is sufficiently small, applying Lemma 2, Lemma
1 and Lemma C and arguing as in (5.3), it follows that

/ /P bul2) Ap(z) dm(2)

[ (=5 (Mz))|g'<<>|2dm<<>)p/2ww<z>p e

k

1 1(AY(2 2 m p/Qdm(z)
S;T(Zk)p /D(J‘r(zk))(/[)(é‘r(zk))|g OF Yulc)a (C)> 7%(2)

X 5 ([ TP 067 im0

This together with (6.5) concludes the proof.
Case 0 <p < 2. If T, € S, then the positive operator 7T belongs to
S,/2. Without loss of generality we may assume that ¢’ # 0. Suppose

Tg*Tgf = Z )‘n<fa €n> €n

is the canonical decomposition of T;7;,. Then not only is {e,} an orthonor-
mal set, it is also an orthonormal basis. Indeed, if there is an unit vector
e € A%(w) such that e L e, for all n > 1, then

/ 19/ (2)P1e(2) Pt (2)? w(=) dm(=) = [ Tyel3ey = (T3 Tye. ) =0

because T, T, is a linear combination of the vectors e,. This would give
g =0.
Since {e,} is an orthonormal basis of A? (w) then

11" = Z len(z

This identity together with Corollary 1 and Holder’s inequality yields
[ 1P vty ap(e) dm(2)
x/DLCJ’(Z)!”%(Z)”\\17(z!\2uJ(2“) dm(z)
= Z/D |9 () b ()7 len(2)]* w(z) dm(2)
p/2
< 3 (@R le et i) )
< * p/2 p/2 _ p/2
ZTTen,en Z)\ Ty TS,

This completes the proof. 0
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Finally, we shall prove the main result in this section.

Proof of Theorem 3.
Part (a) follows directly from Proposition 2 and Proposition 3. Moreover,
if0<p<1andT, €S,(A*(w)), Proposition 3, (2.1) and (1.6) imply that

/ lg'(2)[” dm(z) 5/ lg'(2)[" dm(z)

p (1= z)f7 (1 —[2[)20=) 1 - |z|)t1’ 7(2)2(-p)
/ 19'( I»)zl)fp dm(z)
/ 19 (2 Ip (2)? Ap(2) dm(z) < oo.

Therefore, it follows that (¢t — 2)p + 2 > 1, and consequently ¢’ = 0, which
gives (b). The proof is complete. [

7. SOME EXAMPLES OF WEIGHTS IN THE CLASS W

In this section, several examples of weights in the class W are given. We
check that they satisfy the condition (1.6) in Theorem 2, and by computing
the distorsion functions, we also offer the corresponding description for the
boundedness and compactness of the integration operator T, in each case.

Example 1: The weights

wyalr) = (1= )7 exp (

—C

—_— >0,a>0,¢c>0
(]_—7“)04)’ ,}/— 705 7C )

are in the class W with associated subharmonic function

Prya(z) = —vlog(l — |2]) +c(1 —[2])®
We have that

(Apnal(2)) " = 7(2)? = (1 - |2))>,

and it is easy to see that 7(z) satisfies the conditions in the definition of
the class W. Also, since 1y, () < (1 —7r)'® (see e.g. [26, Example 3.2]),
(1.6) is satisfied with ¢ = 1. In particular, the case ¢ = p of Theorem 2 says
that T}, is bounded on AP(w, ,) if and only if

sup(1 — |2[)* [g'(2)] < o0,
zeD

and T}, is compact on AP(w, ) whenever

lim (1 —[2])"*]g'(2)] = 0.

|2|—1~

As mentioned above, this answers a question raised in [4, p.353]. We also
note that, by Theorem 3, the operator 7T}, belongs to the Schatten p-class
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of A*(w,,) if and only if ¢ is in the Dirichlet-type space Dj; with 8 =
p— 2+ a(p — 1), that is, the space of those g € H(D) with

/D P (1= 528 dm(z) < oo.

Example 2: For a > 1 and A > 0 the weights

w(r) = exp (—A (log : - r)&) ,

with associated subharmonic function ¢(z) = A (log 1—L\2|) , belong to the

class W. Indeed, it is easy to see that

e

(7.) Aple) = (1= 1) (toe =)

which implies that lim, ;- 7(r) = lim,_;- 7/(r) = 0. Moreover, the function
7(r)(1 — )2 increases for r close to 1. This proves that w € W.
On the other hand, since w has distorsion function (see [26, Example 3.4])

1—r
ww(r) e A
(log %)

then (7.1) gives (Ap(2))™" = (1 — |z]) ¥u(2). Therefore, (1.6) is satisfied
with ¢t = 1. For this weight, Theorem 2 says that 7T} is bounded on A”(w)
if and only if

11—«
e
sup(1 - |=) (1og ) 16(2)] < 0,
z€D 1 - |Z|

and T, is compact on AP(w) whenever the corresponding “little oh” condi-
tion holds.

Example 3: For «, 3,7 > 0, the double exponential weight

w(r) = exp <—7€XP (ﬁ))

belongs to W. Indeed, the associated subharmonic function is ¢(z) =

v exp <ﬁ) , and a straightforward computation gives

(7.2) Ap(z) = (1= [2])22 exp <ﬁ) .
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Then we can take 7(z) = (1 — |z|)*™ exp ((1_—6\z/|2)a>' Since

—3/2
7'(r) < exp <—<1 _ﬁ/r)a> . or— 17,
we obtain lim, i~ 7(r) = lim, ;- 7/(r) = 0. Also, it is easy to see that
lim, - 7/(r) log (L = 0. This proves that w € W.

7(r)
Moreover, since w has distorsion function (see [26, Example 3.3])

bu(r) = (1= 1) exp (—%) ,

then (7.2) gives (Ap(2))™" = (1 — |2|)" ", (2). So (1.6) is satisfied with
t = 1+ «. In this example, the case ¢ = p of Theorem 2 says that T} is
bounded on AP(w) if and only if

sup (1= o)1 oxp (~ ;= ) 190 < o

2eD 21)
and T}, is compact on AP(w) if the “little oh” condition holds.

REFERENCES

[1] A. Aleman, A class of integral operators on spaces of analytic functions, Topics in
Complex Analysis and Operator Theory, 3-30, Univ. Malaga, Malaga, 2007.

[2] A. Aleman, J. A. Cima, An integral operator on HP and Hardy’s inequality, J. Anal.
Math. 85 (2001), 157-176.

[3] A. Aleman, A. Siskakis, An integral operator on HP, Complex Variables 28 (1995),
149-158.

[4] A. Aleman, A. Siskakis, Integration operators on Bergman spaces, Indiana Univ.
Math. J. 46 (1997), 337-356.

[5] N. Arcozzi, R. Rochberg and E. Sawyer, Carleson measures for analytic Besov spaces,
Rev. Mat. Iberoamericana 18 (2002), 443-510.

[6] A. Borichev, R. Dhuez and K. Kellay Sampling and interpolation in large Bergman
and Fock spaces, J. Funct. Anal. 242 (2007), 563-606.

[7] L. Carleson, An interpolation problem for bounded analytic functions, Amer. J. Math.
80 (1958), 921-930.

[8] L. Carleson, Interpolation by bounded analytic functions and the corona problem, Ann.
of Math. 76 (1962), 547-559.

[9] M. Dostanic, Unboundedness of the Bergman projections on LP spaces with exponen-
tial weights, Proc. Edinb. Math. Soc. 47 (2004), 111-117.

[10] M. Dostanic, Integration operators on Bergman spaces with exponential weights,
Revista Mat. Iberoamericana 23 (2007), 421-436.

[11] P.L. Duren, Extension of a theorem of Carleson, Bull. Amer. Math. Soc. 75 (1969),
143-146.

[12] P.L. Duren, Theory of H? Spaces, Academic Press, New York-London 1970. Reprint:
Dover, Mineola, New York 2000.

[13] P. Galanopoulos, D. Girela and J. A. Peldez, Multipliers and integration op-
erators on Dirichlet spaces, to appear in Trans. Amer. Math. Soc. Avalaible at
www.uco.es/malpemaj/preprints.html.

[14] D. Girela and J. A. Peldez, Carleson measures, multipliers and integration operators
for spaces of Dirichlet type, J. Funct. Anal. 241 (2006), 334-358.



EMBEDDING THEOREMS AND INTEGRATION OPERATORS 29

[15] T. L. Kriete and B. M. MacCluer, Composition operators on large weighted Bergman
spaces, Indiana Univ. Math. J. 41 (1992), 755-788.

[16] P. Lin and R. Rochberg, Trace ideal criteria for Toeplitz and Hankel operators on
the weighted Bergman spaces with exponential type weights, Pacific J. Math. 173 (1996),
127-146.

[17] D. H. Luecking, Forward and reverse inequalities for functions in Bergman spaces
and their derivatives, Amer. J. Math., 107 (1985), 85-111.

[18] D. Luecking, Trace ideal criteria for Toeplitz operators, J. Funct. Anal. 73 (1987),
345-368.

[19] D. H. Luecking, Embedding derivatives of Hardy spaces into Lebesgue spaces, Proc.
London Math. Soc. 63 (1991), 595-619.

[20] D. H. Luecking, Embedding theorems for spaces of analytic functions via Khinchine’s
inequality, Michigan Math. J. 40 (1993), 333-358.

[21] V. L. Oleinik, Embedding theorems for weighted classes of harmonic and analytic
functions, J. Soviet. Math. 9 (1978), 228-243.

[22] V. L. Oleinik and G. S. Perelman, Carleson’s imbedding theorem for weighted
Bergman space, Mat. Zametki 47 (1990), 74-79 (Russian); translation in Math. Notes
47 (1990), 577-581.

[23] M. Pavlovi¢, On harmonic conjugates with exponential mean growth, Czechoslovak
Mathematical Journal, 49 (124) (1999), 733-742.

[24] M. Pavlovic and J. A. Peldez, An equivalence for weighted integrals of an analytic
function and its derivative, Math. Nachr. 281 (2008), 1612-1623.

[25] J. Rattya, Integration operator acting on Hardy and weighted Bergman spaces, Bull.
Austral. Math. Soc. 75 (2007), 431-446.

[26] A. Siskakis, Weighted integrals and conjugate functions in the unit disk, Acta Sci.
Math. (Szeged) 66 (2000), 651-664.

[27] A. Siskakis, Volterra operators on spaces of analytic functions- a survey, Proceedings
of the First Advanced Course in Operator Theory and Complex Analysis, 51-68, Univ.
Sevilla Secr. Publ., Seville, 2006.

[28] K. Zhu, Operator Theory in Function Spaces, Second Edition, Math. Surveys and
Monographs, Vol. 138, American Mathematical Society: Providence, Rhode Island,
2007.

JORDI PAU, DEPARTAMENT DE MATEMATICA APLICADA I ANALISI, UNIVERSITAT
DE BARCELONA, 08007 BARCELONA, SPAIN
E-mail address: jordi.pau@ub.edu

DEPARTAMENTO DE ANALISIS MATEMATICO, UNIVERSIDAD DE MALAGA, CAMPUS
DE TEATINOS, 29071 MALAGA, SPAIN
E-mail address: japelaez@uma.es



