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ABSTRACT. For 0 < p < oo and o > —1, we let D% denote the space
of those functions f which are analytic in the unit disc D in C and
satisfy [ (1—|2|*)*|f'(2)|P dzdy < co. Of special interest are the spaces
D§—1 (0 < p < o) which are closely related with Hardy spaces and
the analytic Besov spaces B = D} , (1 < p < 00). A good number
of results on the boundedness of integration operators and multipliers
from D?F, to D% are known in the case p < q. Here we are mainly
concerned with the upper triangle case 0 < ¢ < p. We describe the

boundedness of these operators from D% to Dj in the case 0 < g < p.
Among other results we prove that if 0 < ¢ < p and pf)%ga < -1
then the only pointwise multiplier from DZ to D% is the trivial one. In
particular, we have that 0 is the only multiplier from D) , to D}, if
p # ¢, and from B? to B? if 1 < ¢ < p. Also, we give a number of
explicit examples of multipliers from D%, to D‘é in the remaining case
pf-ga - _ 1. Furthermore, we present a number of results on the self-
multipliers of D, (0 < p < oo, @ > —1). We prove that 0 is the only
compact multiplier from D}, to itself (0 < p < oo) and we give a
number of explicit examples of functions which are self-multipliers of
DEF.

We consider also the closely related question of of characterizing the
Carleson measures for the spaces DE. In particular, we prove construc-
tively that a result of Arcozzi, Rochberg and Sawyer characterizing the
Carleson measures for D% in the range —1 < a < p — 1 cannot be ex-
tended to cover the case a = p — 1 and we find a certain condition on
a measure p which is necessary for p to be a g-Carleson measure for
D? (0 < g < p, @ > —1). This result plays a basic role in our work
concerning integration operators.

Date: May 14, 2008.

2000 Mathematics Subject Classification. 30D45, 30H05, 32A36.

Key words and phrases. Carleson measures, Multiplication operators, Integration op-
erators, Dirichlet spaces, Bergman spaces.

This research is partially supported by grants from “the Ministerio de Educacién y Cien-
cia, Spain” (MTM2007-60854, MTM2007-30904-E and Ingenio Mathematica (i-MATH)
No. CSD2006-00032)); from “La Junta de Andalucia” (FQM210 and P06-FQMO01504) and
from the European Networking Programme “HCAA” of the European Science Foundation.

1



2 P. GALANOPOULOS, D. GIRELA, AND J. A. PELAEZ

INTRODUCTION

If f and ¢ are analytic functions in the unit disc D, we set

1,(/)(z) = /0 CGOF©OdE, T(f)(z) = /0 TG 1) de, zeD.

We set also My(f) = gf. In this paper we are interested in studying the
integration operators I,, J, and the multiplication operators M, acting on
the spaces of analytic functions in D of Dirichlet type D5 (0 < p < oo, o >
—1) and, also, in the closely related question of characterizing the Carleson
measures for these spaces. Of special interest are the spaces D§—1 (0 <
p < oo) which are closely related with Hardy spaces and the conformally
invariant analytic Besov spaces BP = D£—2 (1 <p<o0).

A good number of results about the boundedness of the mentioned oper-
ators from DL to D% are known in the case p < ¢. In this paper we shall
be mainly concerned in the upper triangle case 0 < ¢ < p. We obtain a
complete characterization of the boundedness of I, .J; and M, from D% to
D% in the case 0 < ¢ < p, a, 8 > —1. Among other results we shall prove
that for a wide range of the parameters p, «, ¢, 3 the only multiplier from
Dh to D% is the trivial one. In particular, we have:

(i) If 0 < p, ¢ < 00 and p # ¢ then the only multiplier from D}, to Dy _,
is identically zero. Furthermore, the only compact multiplier from Dg_l to
itself (0 < p < o) is also the trivial one.

(ii) If 1 < ¢ < p then 0 is the only multiplier mapping B? to BY.

We present also a number of explicit examples of nontrivial multipliers
for the other values of the parameters.

Carleson measures arise in many questions involving analysis in function
spaces. In particular, they play a basic role to study the boundedness of the
operators mentioned above. Characterizations of the g-Carleson measures
for the space Db, are known for certain values of the parameters p, ¢, a but
some cases remain open. Specially, we mention that it is an open question to
find a characterization of the ¢-Carleson measures for the space Dﬁ_l in the
cases ¢ < p and p = ¢ > 2. In this paper we obtain a number of results which
give some light on these questions and which are also useful in our study of
the boundedness of operators between distinct spaces of Dirichlet type. In
particular, we prove constructively that a result of Arcozzi, Rochberg and
Sawyer characterizing the Carleson measures for D% in the range p > 1,
—1 < a < p—1 cannot be extended to cover the case @« = p — 1. We also
find a certain condition on a measure p which is necessary for u to be a
g-Carleson measure for D5, (0 < ¢ < p, @ > —1). This result plays a basic
role in our work concerning the integration operators. In order to prove the
necessity of our condition we use a decomposition theorem for the spaces
DL which is based on one of Rochberg for Bergman spaces and may be of
independent interest.
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We close this section noticing that, as usual, we shall be using the con-
vention that C, , 4.5 ... will denote a positive constant which depends only
upon the displayed parameters p, a, ¢, 3... (which sometimes will be omit-
ted) but not necessarily the same at different occurrences. Also, throughout
the paper, if p,q > 1, p’ and ¢’ denote the “exponents conjugate” to p and

q, respectively, that is, % + 1% = % + % =1

1. STATEMENT OF THE MAIN RESULTS

1.1. Multipliers and integration operators between Dirichlet spaces.
Let D = {z € C: |z| < 1} denote the open unit disc of the complex plane C
and let Hol(D) be the space of all analytic functions in D.

If 0<r<1 and f e Hol(D), we set

1 2 } 1/p
2/ F(ret)P dt) 0<p<oo,
™ Jo

Meo(r, f) = sup |f(2)].

|z|=r
If 0 < p < oo the Hardy space H? consists of those f € Hol(ID) such that
| fI &e & SUPg<y1 Mp(r, f) < 0o (see [11] for the theory of HP-spaces). If

0 < p < oo and a > —1, the weighted Bergman space AL consists of those
f € Hol(D) such that

M) = (

1/p
1L, ((a 1) [ aesep dA<z>) < co.

The unweighted Bergman space Al is simply denoted by AP. Here, dA(z) =
%dw dy denotes the normalized Lebesgue area measure in . We refer to
[12], [21] and [33] for the theory of these spaces.

The space D5 (0 < p < 00, @ > —1) consists of those f € Hol(D) such
that f’ € A%. Hence, if f is analytic in D, then f € D% if and only if

17112 = LFO)P + (115, < oo.

If p < o+ 1 then it is well known that D, = Aﬂ,p (see, e. g. Theorem 6
of [14]). On the other hand, if p > a + 2 then D5 C H*>. Therefore the
interesting ranges for (p,a) are a+1 < p < a+2. It is trivial that D? = H?
and we have HP C Dﬁfl for 2 < p < oo [22], and szl CHPfor0<p<2
[14, 29]. For p > 1, the space D;LQ is the analytic Besov space BP. The
spaces BP, 1 < p < oo, form a nested scale of conformally invariant which
are contained in VM OA and show up naturally in different settings (see [4],
[9] and [34]). In particular, D = B2 is the classical Dirichlet space.

In this paper we shall focus our attention to study the boundedness and
compactness of a number of important operators acting between distinct
Dirichlet spaces.
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For g analytic in I, the integration operators I, and J, are defined as
follows:

lﬁﬁwfglfmafﬁw&fGTwmm,zeD
To(F)(z) & /0 7 F(€)de, | eHolD), =eD.

The integration operators I, and J, have been studied in a good number
of papers. Let us just mention here that Aleman and Cima characterized in
[2] those g € Hol(D) for which J,; maps H? into H?, and that Aleman and
Siskakis studied in [3] the operators J,; acting on Bergman spaces. A lot of
information about the operators J, acting on Hardy and Bergman spaces
and in other related spaces can be found in the recent survey paper [J.

For g € Hol(D), the multiplication operator M, is defined by
def
My(f)(2) = g(2)f(2), [f€Hol(D), 2 €D.

If X and Y are two spaces of analytic function in D (which will always be
assumed to be Banach or F-spaces continuously embedded in Hol(D)) and
g € Hol(D) then g is said to be a multiplier from X to Y if My (X) C Y.
The space of all multipliers from X to Y will be denoted by M (X,Y) and
M (X)) will stand for M (X, X). Using the closed graph theorem we see that
for any of the three operators I, J,, My, we have that if it applies X into
Y then it is continuous from X to Y. We remark also that

(L.1) Ig(f) + Jo(f) = My(f) — f(0)g(0).
Thus if two of the operators Iy, Jg, M, is bounded from X to Y so is the
third one.

Girela and Peldez [18] studied the boundedness of these operators from
DE to DZ in the lower triangle case (0 < p < ¢) and, among others, they
obtained the following results.

Theorem A. Suppose that g € Hol(D), 0 <p<qanda,3>—1. If p >«
then the following conditions are equivalent:

(i) Iy is a bounded operator from Dg, to Dj.
@_w)

(i) M(r,g) = O (1 =)
Theorem B. Suppose that g € Hol(D), 0 < p < q and o, > —1. If

p—2<a<p, and 2+Ta — % > 0, the following conditions are equivalent:

(i) I, : D — Dg is a bounded operator.
(ii) M, :Dh — D% is a bounded operator.
(i) g = 0.

In particular, if 0 < p < q then M(D)_,,D}_;) = {0}.

In this paper we are interested in the upper triangle case, 0 < ¢ < p. Let
us start with the case 0 < ¢ < p. We shall prove the following results.
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Theorem 1. Suppose that g € Hol(D), 0 < g < p, o, > —1 and pi:ga
—1. Then:
prq

(1) I, maps Dk to D% if and only if g € A™5°

>

pB—ga”
pP—q
Pq
(2) If g € M(Dg,Df) then g € Apy”,,.
pr—q
_pq_
(3) If Jg maps D, to D then g € Aps°,, .
p—q

(4) The following two conditions are equivalent:
(a) My maps D, to Dj.
(b) Jy maps Dh to D%.

Theorem 2. Suppose that g € Hol(D), 0 < ¢ < p, o, 3 > —1 and p,g%goz <
—1. Then the following conditions are equivalent:

(1) I, maps Dk to Dqﬁ.

(2) M, maps Dk to D%.

(3) g=0.

We remark that part (4) of Theorem |1 does not remain true for pf}%‘;a <
—1. Indeed, it is trivial that if g is constant and not identically zero then
Jy = 0 and, hence, Jy(D%) C D}, however Theorem [2| implies that g ¢
M(Dg,Dj) in this case. Non constant examples can be given also. For
example, Theorem [2| implies that M(H?,D}) = {0} but it is easy to see
that if 0 < a < 1 and g belongs to the mean-Lipschitz space A2 (see [I1]
Chapter 5]) then J,(H?) C D}.

We remark also that, using the convention that A5 = {0} if v < —1, The-
orem [2| can be thought as saying that conclusions (1) and (2) of Theorem
hold whenever 0 < ¢ < p and o, 8 > —1.

Next we shall give explicit examples of non-trivial multipliers from D%
into Dg, in the case 0 < ¢ < p and pg%ga > —1. First of all, let us remark
that if @ > p — 1 then we also have § > ¢ — 1 and then Df = A},
Dj = Af_,. Then, Theorem 1 (iv) of [32] yields

_pg
M(DE, D) = M(A;_,, A ) = Aps”

a—p) pB—qa>

rP—q
Turning to the case p — 2 < a < p — 1, we shall study the question
of characterizing the power series with Hadamard gaps which belong to
M (D5, D%) in this range of the parameters. Before stating our results it is
worth recalling the characterization of the power series with Hadamard gaps
in the spaces Dk, a result which can be deduced from Proposition 2.1 of [7].

O<g<pa>p—1,0>q—1.

Proposition A. Suppose that 0 < p < oo, a > —1 and f is an analytic
function in D which is given by a power series with Hadamard gaps,

f(z) =312 agz™ (z€D) with ngy > Ang, for allk (A >1).
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Then,

oo
feDt <— Znﬁfﬂ*llak\p < 00.
k=1
Theorem 3. Suppose that 0 < g < p < o0, «a,f3 > —1, pf}%ga > —1 and
let g be an analytic function in D which is given by a power series with
Hadamard gaps. If eitherp—2 < a<p—1ora=p—1 and p < 2, then
g € M(Dg,Dj) if and only if g € Dj.

Our next result asserts that Theorem [3l cannot be extended to cover the
case o =p—1and p > 2.

Theorem 4. Suppose that 2 < p < 00, 0 < g<pand 8 > qg—1. Then
there exists g € D% which is given by a power series with Hadamard gaps

and such that g ¢ M(D,_;,Df).

Joining Theorem [B|l and Theorem [2| we see that M (DZ,DZ) = {0} for a
wide range of values of the parameters p, a, ¢, 3. Indeed, we can state the
following result.

Corollary 1. (i) Suppose that 0 < p,q<oo,p#q, o, > -1, p—1<«
and 3 < q—1. Then M(Dg,Dg) = {0}.

In particular: If 0 < p < oo and p # q then M(Dﬁ_l,l)g_l) = {0}.

(i) If 1 < ¢ < p < 0o then M(BP, B1) = {0}.

We note here a difference between Besov spaces and the spaces Dg_lz If
p < q then BP C B? and, hence, M (B?, B%) # {0}; however, if p # ¢ there is
no relation of inclusion between Iszl and Dgfl and, in fact, we have proved

that M(Dy_,, D¢ ;) = {0} in this case.

We shall also prove the following extension of Corollary [I| concerning the
case p = q.

Theorem 5. Suppose 0 < p < oo, a,3 > —1. If either p—1 < « and
B<p—lorp—1<aandB<p-—1 thenM(Dg,Dg):{O}.

Certainly, for any p € (0, 00) we have that M(D}_,, D) ) = M(D}_,) #
{0}: Tt is trivial that any constant function belongs to M (D, _;). Wu gave in
[31, Theorem 4.2] a characterization M (D) _,) in terms of Carleson measures
(see Section below) and a number of explicit non trivial elements of
M(Dj_,) are known. For instance:

e Vinogradov proved in [29] that that the atomic singular inner function

z+mn
S = , e D,
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where, v > 0 and n € JD, belongs to M(Dﬁ_l), whenever 0 < p < 2. He
also gave a number of conditions on the zeros of a Blaschke product B under
which B € M(Dg_l) (0<p<2).

e Girela and Peldez gave in Section 5 of [17] several other examples of
multipliers of Dﬁq» 0 < p < 2. In particular, Theorem 5.2 of [I7] asserts
that if 0 < ¢ < 1, ¢ < p < 2 and g is an analytic function in D which is
given by a power series with Hadamard gaps, g(z) = > po; axz™ (z € D),
with Y37 |ag|? < oo then g € M(D£—1)- The following theorem contains
an improvement of this result and is also an extension of Theorem

Theorem 6. Suppose that 0 < p < oo, a > —1 and let g be an analytic
function in D which is given by a power series with Hadamard gaps. We
have:

(i) Ifp—1< a, then g € M(D%) if and only if g € H™.

(i1) If a < p—1, then g € M(DL) if and only if g € Dh.

(i) If1<p<2and a=p—1, then g € M(D5) if and only if g € H™.

(iv) If0<p<1anda=p—1, then g € M(DY) if and only if g € D5.

We recall that if g € M (D) then g € H®NDY (see, e. g., [29, Lemma 1.10]
and use the fact that D5 contains the constants functions). Theorem@shows
that, except in the case « = p—1 and p > 2, for a function g given by a power
series with Hadamard gaps the condition g € H* N D} is also sufficient to
assert that g € M(D5).

It is natural to ask whether or not part (iii) of Theorem |§| remains true
for p > 2. We shall show that the answer is negative (note that if p > 2
then H*° N D;I;—l = H>).

Theorem 7. Suppose that 2 < p < co. Then there exists a function g €
Hol(D) given by a power series with Hadamard gaps such that g € H™ \
M (D£—1)-

Once we know a number of nontrivial examples of multipliers of the space
Dﬁ—lv it is natural to ask whether or not there is some non-trivial g € Hol(D)
such that M, is a compact operator from Dg_l to itself. Our next result

asserts that the answer to this question is negative.

Theorem 8. Suppose that 0 < p < oo and g € Hol(D). Then Mg is a
compact operator from DZ—I to atself if and only if g = 0.

1.2. Carleson measures for Dirichlet spaces. If I C JD is an interval,
|I| will denote the length of I. The Carleson square S(I) is defined as
S(I)={rett: et cl, 1- % <r < 1}. Also, for a € D, the Carleson box
S(a) is defined by

arg(az)‘ < 1—|al }

S(a):{zeID):l—\z\gl—]a\, : .
T
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We shall also use the modified box

arg(az) ‘ < 1 — |al }
27 -2

If s > 0 and p is a positive Borel measure on D, we shall say that p is an
s-Carleson measure if there exists a positive constant C' such that

wu(S(I)) < C|I|°, for any interval I C D,

S(a) = {ze}D):l—\z| <201 - a]),

or, equivalently, if there exists C' > 0 such that
(1.2) p(S(a)) <C(1—|a])®, forallaeD.

An 1-Carleson measure will be simply called a (classical) Carleson measure.

If X is a subspace of Hol(D), 0 < ¢ < oo and p is a positive Borel
measure in D, p is said to be a “g-Carleson measure for the space X” or
an “(X,q)-Carleson measure” if X C Li(du). The g-Carleson measures
for the spaces HP, 0 < p,q < oo are completely characterized. Carleson
proved in his fundamental paper [8] that the p-Carleson measures for HP
(0 < p < o0) are the (classical) Carleson measures. Duren [10] (see also
[11, Theorem 9. 4]) extended this result showing that, for 0 < p < ¢, the ¢-
Carleson measures for HP are precisely the ¢/p-Carleson measures. Luecking
[25] solved the remaining case 0 < g < p.

The g-Carleson measures for the Bergman space A%, have been also char-
acterized by Luecking [23] in the case p < ¢, and in [24] and [20] in the case
q < p (see [32, Theorem DJ).

Carleson measures arise in many questions involving analytic function
spaces. In particular, they play a very important role studying the bound-
edness and compactness of operators acting between them:

If 0<p<oo,a>—1andg e Hol(DD), we let g o be the Borel measure
on D defined by

dhgpa(z) = (1= |2*)%]g'(2)]P dA(2).
It follows readily from the definitions that:
Jy is a bounded operator from D% to D% if and only if the measure fig 4 5

is a (D%, q)-Carleson measure.
We can also state the following result.

Theorem C. Let g be an analytic function in D.

(i) If « > —1 and 0 < p < oo, then g € M(DY) if and only if g € H®
and the measure g pq is a p-Carleson measure for DE.

(1)) If0<p<gq, a,f>—1andp—2< a<p, then g € M(DQ,D%) if

and only if
240 248

Muo(r,g) =0 (1 =) 0")
and fig.q8 15 @ %(a — p + 2)-Carleson measure.
(iii) If 0 < ¢ < p, o, B > =1 and 22=1% > —1 then g € M(Dh, D) if and
only if the measure g 43 is a (DY, q)-Carleson measure.
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Here: (i) comes from [29, Lemma 1.10]) (see also [31, Theorem 4.2] and
[5, Theorem 15]); (ii) is Theorem 3 of [I8] and (iii) follows from Theorem 1}

We shall obtain a number of results about the (D%, ¢)-Carleson measures.
Some of them will be used to proved those stated in Section

Let us start with the case p = ¢q. The p-Carleson measures for the space
DE will be called simply D5-Carleson measures and have been characterized
for all the admissible pairs (p, «) except for those with p > 2 and a =p—1
(see [5], [23], [29] and [31]). Let us mention that Wu proved in [31] that for
0 <p<2, the Dg_l—Carleson measures are precisely the classical Carleson
measures and conjectured that the same result was true for p > 2. Girela and
Peldez proved in [I7] that this conjecture is not true proving the following
result.

Theorem D. Suppose that 2 < p < co. Then there ezists g € Hol(D) such
that the measure g, on D given by dugy,(z) = (1—|2>)P71|g'(2) [P dA(2) is
not a Dﬁfl—C’arleson measure but is a classical Carleson measure.

We remark here that our Theorem [7| improves this. Indeed, the function
g constructed in Theorem [7] works to prove Theorem |D| and it satisfies the
additional condition of being bounded.

If 1 <p<ooand pis a positive Borel measurable weight function on D,
the weighted Besov spaces By, (p) consists of those f € Hol(D) such that

dA(z)

def p —Z p o
i £ 1FOF + [ 10~ 2P ) 7= s <

Notice that if p(z) =1 then B,(p) = BP. Also,
(1.3)  Dh = By(p) for p(z) = (1 — |z[)*PF2, 1<p<oo, a>—1.

For 1 < p < ¢ < oo and a certain class of “p-admissible weights” p, Arcozzi,
Rochberg and Sawyer [5] characterized the (Bp(p),q)-Carleson measures.
The weight p(z) = (1 — |2|?)? is p-admissible if and only if 1 —p < 3 < 1 [,
p. 445]. Using this, and Theorem 1 of [5] we obtain the following.

Theorem E. Suppose that 1 <p < oo, —1 <a <p—1 and u is a positive
Borel measure on D. Then yu is a Dh-Carleson measure if and only if there
exists a positive constant C(u ) such that for all a € D

(1.4) /g( )(1—\z|> 0P =2 (5(2) 1 S(a))” dA(z) < Clu) (S(a).

The weight p(z) =1 — |z| is not p-admissible, and then Theorem 1 of [5]
does not yield a characterization of the (D}_,, q)-Carleson measures (1 <
p < ¢ < o0). In spite of this, it is natural to ask whether Theorem remains
true for « = p — 1. That is, we can formulate the following question.

Question 1. Suppose that 1 < p < oo and g is a positive Borel measure
on D. Are the following two conditions equivalent?
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(i) pis a Dg_l—Carleson measure.
(ii) There exists a positive constant C'(u) such that for all a € D

(1.5) /g( )(1 - |ZD_%_2M (S(z) N S(a)) dA(2) < C(u)p (S(a)) .

Since the weight p(z) = 1—|z| is regular in the sense of [5], an examination
of the proof of Theorem |Ef shows that (ii) implies (i). Next we show that
the other implication is not true.

Theorem 9. Suppose that 1 < p < oo then there exists a positive Borel
measure p on D which is a Dﬁ_l—Carleson measure for which

/

“ Js@y(1 - 12)) 77 2 (S(2) N S(a))? dA(2)
aeﬂp)) p(S(a))

Let us turn now to the upper triangle case 0 < ¢ < p. Let o denote the
pseudohyperbolic distance in D

= Q.

(1.6)

Z—Ww

, zZ,w € D.

o(zw) = lpul()] = | T

The pseudohyperbolic disc of center a and radius r (a € D, 0 < r < 1) is the
set A(a,7) ={z€D:g(a,z) <r}.
Arcozzi [0] has recently proved the following result.

Theorem F. If 1 < q < p < oo and p is a p-admissible weight, then a
positive Borel measure (1 on D is a (Bp(p), q)-Carleson measure if and only

i
(1.7) | Woali ) ¥ dutz) < .

Here and and throughout the paper W), ,(1)(z) denotes the “boundary
Wolff potential associated to p, p and p” which is defined by

MMM@z/'<M“WQ”4!m!

0 \ plw) 1 —Jw

Theorem [F| with p(z) = (1 — |2|?)* P2, yields a characterization of the
(DL, q)-Carleson measures for 1 < ¢ < p and —1 < a < p— 1. On the
other hand, the following characterization of the (D5, q)-Carleson measures
for 1 < ¢ < pand a > p—1 follows from results of Luecking [24] 26] (see
also [32], Theorem DJ).

Theorem G. Suppose that 0 < ¢ < p, a >p—1 and p is a positive Borel
measure on D. Then p is a q-Carleson measure for Db if and only if
p

ay [ (PEEI) T A e <

(1= |z[?)**e

for a certain 6 € (0,1).
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It is natural to ask whether or not either Theorem [Flor Theorem [Glcan be
extended to cover the remaining case &« = p— 1. First of all, an examination
of the proof of Theorem [F|in [6] shows that condition implies that p
is a Carleson measure for (B,(p),q) if we only assume that p is regular (as
defined in [5 p. 445] or in [6, p. 2]), not necessarily p-admissible. Since the
weight p(z) = 1 — |z]| is regular we deduce the following.

Theorem H. If 1 < g < p and p is a positive finite Borel measure on D
such that

a(p—1)
(19) | Va1 0):) 55 () < o
then p is a g-Carleson measure for D£—1

Thus, whenever 1 < ¢ < p, (1.7) with p(z) = 1—|z| is a sufficient condition
for p being a (Dﬁ_l, q)-Carleson measure. Our next result asserts that it is
not a necessary condition.

Theorem 10. Suppose that 1 < q < p. Then there exists a positive Borel
measure (1 on D such that DZ—1 C L9(dp) and

a(p—1)

(1.10) | V1t 0):) 55 () = .

Regarding Theorem [G] we shall prove the following.

Theorem 11. Suppose that 0 < q¢ < p and p > 2. Then there exists
a positive Borel measure p on D which is a q-Carleson measure for HP,
satisfies with « = p — 1, but it is not a q-Carleson measure for Dﬁfl.

It is worth noticing that for 0 < p < ¢ the (HP?, ¢)-Carleson measures and
the (Dp_,,q)-Carleson measures coincide (see [10] and [I8, Theorem 1]).
Theorem [11|shows that this does not remain true in the upper triangle case.

Next we show that if 0 < ¢ < p and a > —1, (1.8) is a necessary condi-
tion for p being a (Dh, q)-Carleson measure, a result which will be used in
Section [l

Theorem 12. Suppose that 0 < q < p and o > —1. If p is a positive Borel
measure on D which is a (D%, q)-Carleson measure then there exists &y > 0
such that, whenever 0 < § < g, we have

(1.11) /D (M) & (1 - |2]2)7a T dA(2) < 0.

1— |Z’2)2+o¢

We close this section saying that from now on the paper is organized as
follows:

e In Section [2] we prove Theorems [9] and constructing explicit
examples of measures which show the impossibility of extending to the case
a = p—1 distinct results on (DL, ¢)-Carleson measures valid for other values
of a.
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e Section [3]is devoted to prove Theorem In order to do so, we prove a
decomposition theorem for the spaces D5, which is related to one of Rochberg
[28] for Bergman spaces.

e Section [4] contains proofs of our main results about the boundedness
of integration operators and multipliers from D% to D% in the case ¢ < p
(Theorems 1 and 2). Theorem is a key ingredient in our work in this
section.

e Section [p| contains a proof of Theorem [5[ and also a proof of Theorem
which makes no use of Theorem Instead, we use a number of results
concerning power series with Hadamard gaps, the sets of zeros of functions
in the Dirichlet spaces and, also, arguments involving the use of Rademacher
functions.

e Section [6] contains the proofs of our results concerning the characteriza-
tion of the power series with Hadamard gaps which are multipliers between
Dirichlet spaces (Theorems |§| and .

e Finally, Section[7]is devoted to prove Theorem [§lon compact multipliers.

2. COUNTEREXAMPLES RELATED TO (Dg_l,

q)-CARLESON MEASURES
This section is devoted to construct the measures p whose existence is
insured in Theorems 9] [I0] and These measures are radial, in fact, they
are all of the form
dA(z)

(21) dM(Z) = (1 — |Z|) logw 1_e|z‘

for an appropriate v > 0. We shall list a number of results about these
measures in Proposition [1, but before doing so we need to introduce some
further notation.

For a € D we define

arg(aé)‘ < 1—al }

A 1
S(@)={zeD:1-|s| < ;1 la]), | 52| < —

It is clear that
(2.2) z € S(a) = S(z) C S(a).

Proposition 1. Suppose that v > 1 and let p be the Borel measure on D

defined by . Then:

(i) 1 (S(@) = p (S(a)) = (1~ |a]) log! 7 51

(i) If 0 < q <p <2 then p is (D, _;,q)-Carleson measure.

(iii) If p > 2, 0 < g < p and v > 1+ 2 then p is (Dﬁ_l,q)—C’arleson
measure.

Proof. A simple computation gives (i).
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Suppose that 0 < ¢ < p < 2. Take f € Dg_l. Since that Dg_l C HP and
M;(r, f) increases with s, we have

LUErae) < B ) e
< fo My (r, f)W

< ClIf % fo W < 0.

Thus, we have proved that D) ; C L%(dyu). Hence, (i) holds.

Suppose now that p > 2, 0<q§pand'y> 1—1—% and take f € DY
We have, My(r, f') = O <ﬁ>, as r — 1, and then, using Theorem 1.1 of
[16], we deduce that

1 \1/2
Mp(r,f):O<(log1 > >, as r — 1,
—r
which implies

L eI < [ e iy

1—r

1 q dr
fo Mp (T7 f) (1_r)(logfer)7

IN

< C 1 dr .
o 0 (l—r)(log lir)'y_é

that is, f € L(du). Hence, we have proved (iii). O

< 00,

Proof of Theorem[9 We split the proof in two cases.

Case 1: 1< p <2 Take p defined as in (2.1) for a certain v with
(v=1(@p —1) <1< (y—1)p. Using Proposition [l| (ii) we deduce that p
is a Dgfl—(]arleson measure. On the other hand, 1} and Proposition (i)
imply

l

Ja) (1= 12D 77 2 (S(2) N S(a))” dA(2)

/

> Jae(— 12D TP (S ()Y dAe)
> Cfé(a)(l — 2! (log I%M)—p (y=1) dA(2)
= (1 - ‘QD (log 1f|a‘>1_p/(7_1) .

This, the fact that (y —1)(p’ — 1) < 1 and Proposition |1 (i) yield (L.6).

Case 2: 2 < p < 0. Takeudeﬁnedasinwithl—i— < v <p. By
Proposition (iii), p is a Dp _,-Carleson measure. Arguing as in case 1 we
deduce that

_Ll_g P _ € (y-1)
[, G-I 0 s(@)” a4 = a-lablos (1)
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Now, the condition v < p implies that 1 —p/(y—1) > 1 —+ and then, using
Proposition [1fi), follows. O
Proof of Theorem[I0 The proof is splitted in two cases.

Case 1: 1 <p <2 Take v such that 1 < v < 1—1—@ and let u
be defined as in with this v. Proposition (1| (ii) shows that u is a
(DP_,, q)-Carleson measure.

p—1
On the other hand, Proposition [1| (i) implies that if w € D,

w(Sw)) = =1

e
1—[w]|

log?~!

Then, bearing in mind the election of ~, if |z| > %, we have
E T Jdul

. =
Wi punp)(z) = C )7 (log 57) 7 {244

pP=x

ZC(logl%‘ZOﬁ.

This and the fact that v + % < 1 imply

a(p—1)
Jo Wioju)p()(2)) 7= dp(z)
o _alp=1)
> of | (log-=) | T e
(23) = f% <Ogﬁ> (1-r)log” 1%
1 dr
= Cf% y+2G=p) -

(177")(10g 1fr)
This finishes the proof in this case.
Case 2: 2 <p < oo. Take € such that 0 < € < ¢q (% — l). Notice that

p
then
ps+q(—§+1)

q
§+€<p—1 and = < 0.
Let 41 be the measure defined by (2.1) with v =1+ £ 4 ¢, that is,
dA(z)
(1~ e (1og 155

Using Proposition |1{ we deduce that p is a (Dg_l, q)-Carleson measure and
that

1 — |wl

<log 1—\w\)

which, bearing in mind the election of e, implies that if |2| > % then

p(S(w)) = C

p—l—g/2—¢

e p—1
Wa—ju)) p(#)(2) 2 C { log 1— 7
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This yields

) p*lfq{275 p—q J
e p— r
(24) > Cf% (log ﬁ) (1—7")( 1+d+e

(1-r)(log 1<) " pma

This finishes proof. [

Proof of Theorem . Take 8 and ~ such that % < B < % and 1 < 7 <
1+¢ (% — ﬁ) and let o be the measure defined by

dA(z) '
(1= ls)log” (+5)

Since p is a finite radial measure and H? C H? it follows readily that
HP C L9(du). Also, it is easy to see that there exist positive constants «, 3
(depending on §) such that, for every z, the pseudohyperbolic disc A(z, d)
is contained in the ring {w : a(1 —|z|) <1 —|w| < B(1 —|2])}. This implies

that
C(1—z])

log” (—lf‘zl)
and then it follows that

P
z _Pq_ _
Jo () (1= |o2) 77 dA(2)
p

< O Jo (U= 1aP) 7 log™ 5 ) 770 (1= o) 7 dACe)

du(z) =

1 (A(z,0)) <

p

< Cfol(l —r?)~1 (log 1_€T2) T g < 0.

where in the last inequality we have used that 'yﬁ > 1.
Next, we shall see that D) | ¢ LI(dp). Set

o0

f(Z):kZ(k-i-l Zan )

Since pfG > 1, using Proposition |A] we see that f € Dﬁ_l. Observe that
Z\a,ﬁ (log N)'™2 | as N — oo,

which implies that

1 1/2—4
Ms(r, f) ~ <log1_r) , asr — 1.
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Moreover, since f is given by a power series with Hadamard gaps
Ms(r, f) = My(r, f) for all g € (0,00),

consequently, bearing in mind the election of § and v, we deduce that
/D|f(z)|q du(z) = fo (r, ) (L =) tlog™ & dr
C fy Mg(r.f)(1 —r)~ log™

=

B o\ rta(s—8 )
Cfol(l — T) 1 <].Og ﬁ) :
Hence, f ¢ L(du). This finishes the proof. O

Y

dr

Y

3. A NECESSARY CONDITION FOR p BEING A (Dh, q)-CARLESON MEASURE
0<g<pa>-1)

Our aim in this section is to give a proof of Theorem A key ingredient
in our work will be a decomposition theorem for D5,

3.1. A decomposition theorem for the Di-spaces. A sequence {z;}72, C
D is said to be uniformly discrete if it is separated in the pseudohyperbolic
metric, that is, if there exists a positive constant v such that

o(zj,z1) >y, k=1,2,....
For 0 < e < 1, a sequence {z;}32; C D is said to be an “c-net” if D =

U A e).

A sequence {z;}7°,; C D is said to be a d-lattice if it is separated with
constant §/5 and is a 5d-net.

Now we can state the above mentioned decomposition theorem for D%. It
is based on that of R. Rochberg for Bergman spaces [28, Theorem 2.2]. A
similar result was proved by Z. Wu and L. Yang in [30]. We shall include a
proof for the sake of completeness.

Theorem 13. Suppose that0 < p < oo, a > —1 and a > (2+«) max {1, %}

Then there exists a positive constant oy such that for any 6 € (0,d¢) and any
d-lattice {z;}32, C D\ {0}, there exists a positive constant C = C(a, p, a, )
such that:

(i)If f € Da then there exists a sequence {a;}32, € IP and a constant

M = M({z;},{a;}, f(0)) so that

(3.1) fe)=m+ 3 Bl

o

and |[{a;}524[lw < C||f(2) — f(0)||pz.
(ii) If {aj}oo1 € [P then the function f defined by (3.1) converges uni-
formly on compact subsets of D to an analytic function f € DL such that

£ (2) = F(O)llpz < Cl{a;}5% -
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Proof. Let §y be the same which appears in the statement of Theorem 2.2
of [28].

Suppose that f € Db, that is f' € A}, then by Theorem 2.2 of [28] for
any d-lattice in {z;} C D\ {0} there is a constant C' = C(a,p,a,d) and a
sequence {b;}32, € I[P so that

[e'e) _2t4a
byl — |55
3.2 '2) =) -~ :
(32) fla =3
Jj=1 J
with
(3.3) {05352l < ClIF N az = 11£(z) = £O)llpg.-
We claim that
[e'e) G—HJ
(1—
(3.4) 3 bl ‘zj‘ LR PP
7=1
If p < 1 this is clear because a — QJFTO‘ > 0, limj o |z;| = 1, and and

the fact that (? C ['. If p > 1, using Hélder’s inequality, the facts that
1 (a - ”Ta) = W >2+aand 372 (1~ |2j|)1H7 < 0o for every
n >0 (see, e. g. [13, Theorem 1] or [12] p. 68]), we have

252

_24a
bi(1-|z )" P

2j

1
b, |P 1/p 0o P (gq—2tc 1_;
u) (S - e

o 16 IP\YP (oo N5
(Zj:l % ) (Zj:l(l — |z )** ) " < oo,
Once (3.4) has been proved, we can write
(3.5) f(z) = f(0)+ [§ f'(&) d¢
co bz T L (e )" 5"
_f() j=1 sz- alzjl zjljzjz)a1

Hence (i) is proved.

Now we turn to prove (ii). Suppose that {a;}?2, € [” and f is defined by
(3.1, then arguing as above we have that f € Hol(D) and it follows that

IN

(232

IN

o) 2 (1724»70‘

R I

= 1—7%z)®

Then, bearing in mind that a > (2+ «) max {1, %} and Theorem 2.2 of [28],
we have that

1£(2) = £O)llpz = [1f'llaz, < Cll{a;}52 -
]
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3.2. A proof of Theorem Our proof of Theorem [12] will use also the
Rademacher functions {r;(t)}32, defined by

1, if0<t<1/2
rot) =4 -1, ifl/2<t<1
0, ift=0,1/2,1.

ra(t) =ro(2"t), n=1,2,....
See, e. g., [35, Chapter V, Vol. I] or [I1, Appendix A] for the properties of
these functions. In particular, we shall use Khinchine’s inequality which we
state as follows.

Proposition B (Khinchine’s inequality). If {c;}32, € ¢* then the series
Y opeq ckri(t) converges almost everywhere. Furthermore, for 0 < p < oo
there exist positive constants A,, By, such that for every sequence {cy}3, €
0% we have

00 p/2 1 p [e'e] p/2
Ap (Z |Ck:|2> < / dt < B, (Z |Ck]2> .
k=1 0 k=1

Proof of Theorem . Assume that Db C L4(du). Then, by the closed graph
theorem theorem, there exists a positive constant C' such that || f||za(gu) <
C|/fllpr, for all f € DE.

Take a > (2 4+ o) max {1, % and let §y be the constant which appears in

the statement of Theorem Take 6 with 0 < § < dp and let {2;}32, C
D\ {0} be a d-lattice. Let {b;}32, be an arbitrary ¥ sequence. Using
Theorem we see that if

0o 24«

(1= 2:12)% 7p
f(Z):ij(l |i| )ail 7

= 1=z

then f € Dy and || f|lpz = [I{b;}]ler-
Let {r;(t)}32, be the Rademacher functions and

24«

) = Sy
it (1-zz)t

j=0

By Theorem [13]
[ fellor = |[fllpr = [1{bj}720llir,
and then it follows that
(3.6) fell Lo gy < Cll D = CHb; Z0ll

which, together with Fubini’s theorem, Khinchine’s inequality and and the
well known fact that

(37) (=2 =1 - & = (1-[¢P)* < A(A(,9)), = € A, 9),
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with constants independent of £, gives

1405350118 = fo [1b5} 5218, dt
2 Cf() Hft”Lq(d“

q
[e's) b-21—2-22(a_2+7a) ?
2 Cf]D) <2j:0 = (|1_|7;L‘g(a71) - du(z)

- N DAK
ZCZn:OIA(zn,(S) ijO |1—7jz‘2(a—1) d,u(z)

> O 52l ~ ) ) )

) [1—zpz[e(e—1)

or-25)
> O30 1bn] 71 = |z 7 (A2, 9)).
That is, we have proved that

S Ibalt(1 — |05 (A, 8) < € (Z \bnwp) ,,
n=0 n=0

Since {b,,} is an arbitrary P sequence, we deduce that the sequence

24

{a=tapyC ) a0}

belongs to the dual of ##/9 which is £7/(P=9) . Using this and 1) we deduce
that

> _24a) _p__
SO = Ja )05 55572 (A (20, 8) 757 A(A(20,0)) < 0.
n=0
This is a discrete version of ([1.11f). The continuous version can be obtained
arguing as in pp. 337-338 of [26]. This finishes the proof. [J

4. MULTIPLIERS AND INTEGRATION OPERATORS FROM DA TO D%,
0<qg<np.

This section is devoted to prove our results about the boundedness of the
operators of integration and multiplication from D} to DZ,, 0<q<p.

Proof of Theorem[1] and Theorem [3
Using the closed graph Theorem, we see that I, maps Dh to Dg if and
only if there exists a positive constant C' such that

[ 167 )0 = 22) dAG) < Iy, for all f € DE,

This is the same as saying that M, is bounded from A% to A%. Using part
(iv) of Theorem 1 of [32] (and its proof) we see that this happens if and
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only if

[la@1#5 1= )5 da(e) < o,
D

and this is equivalent to saying that:

_pq_
gGAPB go
P—q

se pB—qa o _
if =g 1

and that g = 0, if p,g%ga > —1. Thus we have proved part (1) of Theorem
and the equivalence (1) < (3) in Theorem

Next we shall prove part (2) of Theorem |1 and the equivalence (2) < (3)
in Theorem [2 So take g € Hol(D) and assume that M, is bounded from

D¢ to Df. Take a > (2 + a)max {1, Zzand let &y be the constant which

appears in the statement of Theorem Take § with 0 < § < J§p and let
{2}321 C D\ {0} be a d-lattice. Let {b;}32; be a sequence in (7. Set

aj:ij, j=12....
Clearly, {a;}32; € €7 and using Theorem [13| we see that setting

24«

_2ta
iaa 1— |z ) g :ibj(l—fsz)a v
5(1 —7Z5z)e 1 st (1—-zjz)e1t 7

Jj=1

we have that f € D and ||f||pr =~ [|{b; F2ollie-
Let {r;(t)}32, be the Rademacher functlons and set

_ 24«
1—|ZJ| )

(1 —zZz)et

rj zeD, 0<t< 1.

ng

Using Theorem [13| again, we deduce that

(4.1) [ fellor = || fllpr = [{b;}520lliws
and then it follows that
(4.2) HMg(ft>Hqu < ClIfllpe = [1{b;}720llie;

which, together with the fact that

0 24

(ha(2) = om0 )+ /()0 - 572

— a
= (1-7%jz)
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Fubini’s theorem, Khinchine’s inequality and (3.7)), gives
b5 Y52 0llfe = Jo 114535201 dt
>Cfy 1My (f2) I dt
> C o [fy 10y (19 dt] (1 = |212)% dA(z)

ey 2o 25%)
z%( o M (a—l)qg<z>+g'<z><1—w>2) (1~ [22)7 dA(2)

q
2

(M)

24«
b‘2172‘22(a_ 1’) a—1)Z7g(2)+g’ (2)(1—%72)|?
>CY0 0 [ace, 5)< o 1551% (1—1251%) \1—‘2?\2)&'”( )+9’(z)(1—%52)] (1 - |2[2)8dA(z)

oo a2l . (a=1)ZFng(2)+9' (2) (1=Fn2)|?
> CT3 g Ioalt(1 — [2af?)(* % )mz” gy IO A () paj2)8 ()

T (o) 1@ — DEmg(2) + ()1 — Z2)|7 dA2).

> CY 0% bn]?(1 = |2a|?)7”

Summarizing, we have proved

a

Z a1 = a5 [ e Dmg(e) + ()1 - )| dAG) sc(z |an>
A(zp,0) n=0
Since a +1 > a > (2 + o) max {1, %}, Theorem E (ii) implies that setting

(1= |z

h(z)zj; (=

we have ||h[lpp = [[{b;}52|[p. Arguing with  in the same way as we have
just argued with f, we obtaln

ad 5 a2ta) e b
D 1bal? (1 = [2al?) P / |aZng(2) + ¢’ (2)(1 = Za2)|? dA(2) < C | D [bal?
n=0 JA(2n,6) n=0

Using the last two inequalities, we easily deduce that

S bl (1 — 20275 2, rq/ l9(2)[7 dA(2) <0<Z|b p)
n=0

Since the sequence {b,} € (P is arbitrary and % > 1, using the duality
*
<l§) = [7-4 we obtain

(2n,9)

P
e}

— |z ﬁq(+)zq 2) |4 z o o0
Z(u zl?) | |/Aw) l9(=)|7 dA( >> < o0,

n=0

or, equivalently,

> (wa ~ a2

p

lg(2)]? dA(z)) o A (A(zp,9)) < oo.
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Now arguing as in pp. 337-338 of [26] we deduce that

p

_ |22 w)|? w o z 0.
(4.3) /D ((1 22) /A ol aa >> dA(2) <

By the subharmonicity of |g|? we have
(- EPPlgI <0 [ gl dagw)
Using this in . yields

/|g )75 (1 — [2?) 54 dA(z) < oo,

that is,

6— _ . B—
pg Za, if %>—1 and g =0, if ’ﬁg—l,

gGA

Thus, we have proved part (2) of Theorem [l and the equivalence (2) < (3)
in Theorem [2] as desired.

Part (3) of Theorem [1] follows from Theorem Indeed, it is clear from
the definition that J, maps D5 to D% if and only if the measure 4 4 5 defined
by

ditg(2) = g/ (2) (1 — [22)? dA(2)
is a (Dh, q)-Carleson measure. Using Theorem [12/and ((3.7)) we see that this
implies that we have, for a certain § > 0,

- 1 »/(p—q)
Y e "(€)] z) < 00.
/D(l 2)* ((1_|Z|2)2 /Aw) l9°()] dA(g)) dA(z) <

This and the subharmonicity of |¢'|? imply

/ (1— |55 g/ (2)| 75 dA(z) < oo,
D

_qap_
that is, ¢’ € Azquﬁ 4o - Since pg 1% > —1, this implies that g € A}," .
rP—q rP—q

Finally, we note that part 4 of Theorem [I] follows readily from parts 1, 2

and 3 and (L.1). O

5. A PROOF OF THEOREM [2 INDEPENDENT OF THE DECOMPOSITION
THEOREM AND A PROOF OF THEOREM [0l

In this section we shall present a proof of Theorem [2] which makes no use
of our decomposition theorem. Instead, we shall use a number of results
concerning power series with Hadamard gaps, the sets of zeros of functions
in the Dirichlet spaces and, also, arguments involving the use of Rademacher
functions.
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Let us list the results which will be used in our proof. The following result
is due to Gnuschke [19, Theorems 1 and 2].

Theorem I. Suppose that b > 0, a > —1 and f is an analytic function in
D which is given by a power series with Hadamard gaps, f(z) = > oy agz™
(z€ D). Then

o0 1
Z |ak’bn;(a+1) ~ /0 (1 —7)2|f(re®)|dr, for allt € R.
k=1

We shall also use the following results of Girela and Peldez [15, Theo-
rems 1.6 and 1.7] about the sets of zeros of functions in the spaces Dg_l

Theorem J. Suppose that 2 < p < oo and let f be a function which belongs
to the space Dﬁ_l with f(0) # 0. Let {2}, be the sequence non-zero zeros
of f ordered so that |zx| < |zk41], for all k. Then

N 11
1 2 p
(5.1) H‘Zk‘:o<<logN> >, as N — oo.

Theorem K. If 2 <p < oo and 0 <~ < 5 — =, then there exists a function

fe D§—1 with f(0) # 0 such that if {Zk}k;:l is the sequence of ordered
non-zero zeros of f, then

N .
(5.2) gw#o<(logN) ), as N — oo.

Now we can proceed to present the announced proof. Let us remark that
the proof we gave above of the equivalence (1) < (3) in Theorem [2| did not
use Theorem Hence we only have to prove the implication (2) = (3). For
the sake of simplicity, we shall split this into several cases. The first three
correspond to those where ¢ =3 — 1 and p = a — 1 and will be grouped in
the following theorem.

Theorem 14. Suppose that 0 < g < p and let g be an analytic function in

D. If g€ M(D;_,,D}_,) then g =0.

Proof. We shall split the proof in several cases.

Case 1: q > 2.

Suppose that g € M(Dp 1,1) _,) and g # 0. Set y = l — %. Notice

that 0 < v < 5 — %. Then let f # 0 be the Dp _,-function constructed in
Theorem (K] for such a ~. Let {2}, be the sequence of ordered non-zero
zeros of f and let {wy}72, be the sequence of ordered non-zero zeros of fg.
We have

(5.3) ]]jlk <<10g]\7)7>, as N — oc.
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On the other hand, since fg € D?_,, Theorem |J| implies that

q—1

H—:o <logN> , as N — oo.
iy [wl

But this is a contradiction because any zero of f is also a zero of fg. Thus

g€ M(D?

p— 17Dq 1) égEO

Case 2: q<2<p.

The proof is similar to that of the previous case. Suppose that g Z 0
andgeM(Dp Di 1) Setfy—l—l<1—%. Then let f # 0 be the
D,_ P -function constructed in Theorem [K| for such a 7. Let {24}, be the
sequence of ordered non-zero zeros of f and let {wy}72; be the sequence of
ordered non-zero zeros of fg. The sequence {z;};2, satisfies (5.3). Since
fg € Dg_l and ¢ < 2, it follows that fg € H? and, hence, {w;}7° ;| satisfies

the Blaschke condition which is equivalent to saying that

A
H =0(1), as N — oc.

|wy|

Again, this is in contradiction with (5.3]) because any zero of f is also a zero
of fg. Consequently, g must be identically zero.

Case 3: q<p< 2.
Suppose that g € M(D)_,,Dj_;) and g # 0. Take f(2) = Y32, a2 €

_, \D!_,, that is, we have

o0 o0
Z lag|P < oo and Z lag|? = oo
k=0 k=0

Let {r(t)}72, be the sequence of Rademacher functions and denote

q—1

fi(2) = 2 g re(tapz?’, 0<t<1,zeD.

By Proposition [A]

oo p oo
(54)  fell3 = (Z |ak|2> < <Z |ak|p> ~ HftHDp L F ||f||i§”§71 < oo,
k=0 k=0

for all ¢, and then it follows that

65) [ 1RGP 1R dAG) < Cllfl, |~ i,
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Using Fubini’s Theorem, Khinchine’s inequality, (5.4), (5.5) and the fact
that g € D!_,, we obtain

I Jolafl(2)19(1 — |212)9~ 1 dA(2) dt
< O (f3 o lafe) (90— 122)0 dAG) de + 3 f, I FOI901 — 2)7 dA) )

¢ (11 + o lg' @I (J3 117 ) (1 = =) aace)at)

=D

(5.6) < (Il |+ Jp o @I0a(12] 201 = |27 aA(e) e

< (111l +117ly | Jola' 01 = )7 dAG:) ar
< Ollfllpe < oo
On the other hand, since g # 0 there exists positive constant C' such that
Mi(r,g) > C, 1/2<r<1.

Then, using again Fubini’s Theorem and Khinchine’s inequality and bearing
in mind that f’ is also given by a power series with Hadamard gaps (and,
hence, Ma(r, f') &= My(r, f')) we have that

Jo Jo !gft (1 — |27t dA(z) dt
= Jola(2)11( = 221t (fo 1fi(=)1e )
~ Ip Ig(Z)!q(l — [2[?)7 Ma(|2], f1) dA(2)
> C [, My(r, )M, (r, f)1(1 = r2)1- L dr
> C' [}y My(r, f)1(1 = 72)771 dr = oc.
This is in contradiction with . Thus, it follows that g = 0. [J

To finish our proof of Theorem [2] we still have to consider three cases.
Recall that we are assuming that that 0 < ¢ <p < oo, a, 3> —1, p(G+1) <
g(a+1).

Case A: f<q—1.

Suppose that g € M(Dg, D) and g # 0. We have that g € D%. Let f be
an analytic function in ID which is given by a power series with Hadamard
gaps

Zakz Phtl 5 N> 1, for all k,
ng
with
_g=pB-1
ap=mn, * , ifp(B+1)<qla+1)
and

q—B-1

ak:n; T kT with 1/p<y<1/q, if p(B+1)=¢qla+1).

Notice that we have that ) |ay| < oo which implies that f € H*.
Also, using Proposition [A| we deduce that f € D5.
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On the other hand, using the definition of the aj’s and Theorem [[ we see
that

1
(5.7) / (1 —7)Pf (re)|9dr = co, for all t.
0

Since f € Dp we have that My(f) € Dj, that is

/D(l — D21 (2)9(2) + f(2)g'(2)|1dA(z) < 0.

Now, since g € D% and f € H*, we have that

/D (1 - [ ()9 (2) [%dA(2) < oo.
Then it follows that
(5.8) / (1~ [ (2)g(2) [7A(2) < oo.

Using the fact that § < ¢ — 1, it is a simple exercise to show that D% C H1.

Hence, g € HY? which implies that it has a finite and non-zero radial limit
a.e.. This and (5.7)) imply that

1
/ (1 —7)P)g(re’) f'(re')|9dr = 0o, for almost every t.
0

This is in contradiction with ([5.8). Hence, g = 0.
Case B: f=q—1and p < a+ 1. Suppose g € M(DZ,D%) and g # 0.
Actually, we have g € M(Aifp, Dg—1)' Let s be a positive number so large

that a« — p — 2?7’ > —1. Using the well known fact that
feA = Mulr,f) =0 ((1=r)2")

(see, e. g., [12, p. 80]) it follows readily that A° C A},_,. Take 1 € (0, 1.
Now we use a well known result of Horowitz [20] (see also Corollary 2 in
p. 100 of [12]) to pick a function f € A® (hence, f € A} _,) with f(0) # 0

such that the sequence {2z}, of ordered non-zero zeros of f satisfies

1
5.9 — > (CN™".
(5.9) kl;[l e
Since g € M(A},_,,,Di_;) and g # 0, we have that gf € Df | and gf # 0.

Let {w}72 be the sequence of ordered non-zero zeros of fg. Using the fact
that Dg_l C HYif ¢ < 2 and Theorem |J| we see that

N 11
H—: o} <logN> ’ , if ¢ > 2.
- fwg|
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Since any zero of f is also a zero of fg, this is in contradiction with .
Hence g = 0.

Case C: > q— 1. In this case we also have a > p — 1 and then the
problem reduces to show that M (A? Ag_ ﬁ) = 0. This was proved by

p—o
Zhao [32, Theorem 1 (iv)].

Proof of Theorem[5. We split the proof in three cases.

Case 1: p—1<a and < p — 1. In this case D5 = Ag,p and then,
using the above mentioned result of Horowitz, we see that there exist n > 0
and a function f € D5 with such that f(0) # 0 such that the sequence
{21 }72, of ordered non-zero zeros of f satisfies

On the other hand, if {wy}72, is the sequence of ordered non-zero zeros of
a function h € D%, h # 0, then:

1 1
11
'Hi\[:1|w1k:0<<10g]\7> p),ifp>2and B=p—1, byTheorem

and

° Hszl Iwilkl = 0(1), if either B<p—1or B =p—1and p <2, because
in any of these two possibilities DZ C HP.

Using these facts, and arguing as cases 1 and 2 of Theorem [14] we deduce
that M (D¢, D) = {0}.

Case 2: p>2 and a=p—1> . This case can be handled as the
previous one bearing in mind that DZ C HP and that there are functions in

Dﬁ_l whose sequence of zeros does not satisfy the Blaschke condition (see

Theorem .
Case 3: p<2and o =p —1> . Take {a;};2, a sequence of complex

numbers with Y°p° o |ag|? < oo and Y52, 2FP=F=D|ax|P = 0o and set f(z) =
S axz? (2 € D). Using Theorem [A| we see that f € Dy \ Dj. Let
{rr(t)}32, be the sequence of Rademacher functions and denote

fi(2) = >0 re(t)apz?, 0<t<1, zeD.

Arguing as in the proof of case 3 of Theorem we obtain that if g €

M(D,_,,Dj) then
1
ey [ [anera - aae < clrly, | <.

On the other hand, if g were not identically zero then there would exist
a positive constant C' such that

MJ(r,g) > C, 1/2<r<1,
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and then, arguing again as in the proof of case 3 of Theorem it would
follow that

1
/ / l9f{(2)[P(1 — |2?)° dA(2) dt = oc.
0o Jo

This is in contradiction with ([5.10). Thus g must be identically zero. [J

6. POWER SERIES WITH HADAMARD GAPS AS MULTIPLIERS

This section is devoted to prove Theorems [3] [4] [6] and [7}

We shall use several results in our proof. The first one is a generalization
of Theorem 3.2 of [I7] and the second is an extension of Theorem 3.3 of [17].
Both can be proved with the arguments used in [I7]. We omit the details.

Theorem 15. Suppose that 0 < p < 0o, o > —1 and let g be an analytic
function in D which is given by a power series with Hadamard gaps,

9(z) =>7 a2 (z€D)  with ngyq > Ang, forallk (A >1),

then, the following conditions are equivalent:

(a) The measure figpo on'D defined by dug po = (1 — |22)%|¢'(2) [P dA(2)
is a classical Carleson measure.

(b) g € DE.

00 —nla _ n+1__ p
(¢) o 27 (25 ayl)” < oo

(@) oo 27D (S i) < oo

Lemma 1. Suppose that 0 < q < oo, 8 > —1 and let ¢ be a positive and
increasing function defined in (0,1) such that

1
(6.1) /0 (1 —7)P¢4(r) dr < co.

Then there exists a function g € D% given by a power series with Hadamard
gaps such that

(6.2) My(r,g') > ¢(r) for all v € (0,1).

Lemma [2] below can be proved with the arguments used in the proof of
the first implication of Theorem 6 of [27]. Once more, we omit the details.

Lemma 2. Suppose that 0 < A < 00, =1 < B < 00, 0 < p < 00 and
g(2) = S0y arz® € Hol(D), then

A ntl_ /2
Jo Ma(r,g"P(1=7)7 (log 155 ) dr > C 52 gmA2 mBHp) (9270 71 jay2)
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Lemma 3. Suppose that 0 < < oo and 0 < p < co. Then there exists a
function g € H* which is given by a power series with Hadamard gaps and

satisfies
1 e B
/ Mo(r, g P (1 —r)P~1 (log ) dr = oo
0 1 - T

Proof. Take a € (1,00) and set

(e 9]

g(z) = 3 (jlog® j) 1% Zaz ,

7j=1

Since Y22, (j log® 7)™ 1 < 00, g € H*®. Moreover, using Lemma we obtain
S Mo,y (tog 1)
2n+1_1 p/2
> Oy (S al?)
>Cy 2 2% = .

j=0 jPlogP™ j
O

Now we turn to prove the announced results.

Proof of Theorem @ Since D% contains the constants functions, we certainly
have that

g € M(D?,Dj) = g €D,
Hence we have to prove the other implication.

Consider first the case @ = p — 1, p < 2. Notice that then we have
that B > ¢ — 1. Take g € Dg given by a power series with Hadamard
gaps. Using Theorem we deduce that the measure p defined by du(z) =
digqa5(2) = (1 —|2*)P|¢'(2)|7dA(2) is a classical Carleson measure and,
hence, an (HY,q)-Carleson measure. Since 0 < ¢ < p < 2, we have that
Dgfl C HP C HY and then it follows that p is a (Dgfp q)-Carleson measure
which is equivalent to saying that Jg(Dgfl) C D%. Then part 4 of Theorem

gives that g € M(D}_,, Dj).

p—D

The case p — 2 < a < p — 1 can be handled in a similar way using that
DL C HP. However, we present a proof of this case based upon Arcozzi’s
characterization of (DL, ¢)-Carleson measures in in terms of Wolff potentials
(Theorem ' Hence, suppose that p —2 < a < p — 1 and take g € Dq
given by a power series with Hadamard gaps. As above, we have that the
measure fifig 4 3 is a classical Carleson measure. Using this and the fact that
p—a—1>0, we deduce that, setting p(z) = (1 — |z|*)* P2, we have

w(S(w p'-1 dw
Wop(1)(2) = f[oz](a ) a))w) e
< C fpq(1 = fwf?)ema DD Ll
< C < oo
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and this implies that

/mmmmWfPW@sc/uwwWﬂmwma<m
D D

Then, using Theorem [F| we deduce that p is a (D%, q)-Carleson measure.
This implies that g € M(Dg, D).

0

Proof of Theorem . Take € > 0 and 1 > 0 such that q(% — % —&)>mn. Set

f(z)zz ! sz, z € D.

1
=0 k;‘i’E

Using Proposition |A| we see that f € Dﬁ_l. Also, it is easy to see that there
exist g € (0,1) and C > 0 such that

1_e
P

1
(6.3) Ms(r, f) > C <log 1 —r) , ro<r<l

[NIES

Set also

1
o(r) = T, 0<r<l

1 fos ()]

Using Lemma we see that there exist g € Dg given by a power series with
Hadamard gaps such that

My(r,g') > é(r), 0<r<1.

Take such a g. Arguing as in the proof of Theorem 2.1 of [I7] we deduce

that, setting s =1+ n — q(% — % —¢), we have

1

dr

e dr<C [ A=Yl I dA)
/ro (1—r)log® 15 D

Since s < 1, it follows that [, (1 — |2?)%|¢'(2)|9|f(2)|? dA(2) = oo, that is,

Jg(f) ¢ D Using Theorem |1 (iii), we deduce that g ¢ M(D}_;,Dj). O

Proof of Theorem @ (i) follows easily from the identity M(Af,_,) = H™.
Next we shall prove (ii). Hence, suppose that 0 < p < oo, « < p —1 and
g € DE. Using Theoremwe see that 1  is a classical Carleson measure,
that is, so H? C LP(dugypa). This and the fact that D € HP, a +1 < p,
gives that DE C LP(dugp,a), that is, pgpq is a p-Carleson measure for DA
Next we shall prove that ¢ € H>®. By Theorem (i), this finishes the proof.
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Suppose first that 0 < p < 1. We have

00 o
2nTi—1
S Ja oo (7 faxl)

k=1

IN

ontl_1
Cnto ( k=2n |ak|p>
n+1__
< CYny2rlerton) ( o ‘ak‘p) .
Then, using part (d) of Theorem we deduce that > ;2 |ax| < co and,
hence, g € H*.

Suppose now that 1 < p < co. Using part (¢) of Theorem [15/ and Holder
inequality, we obtain

s oo n_mla+l=p) n(a+l-p) gntl_q
Z|ak|: 2 neo2 P2 ( k=2n ’ak;’)
k=1
ntl_ p\ 1/p n(atl—p) 1-1/p
< C (Zi‘;o zin(aﬂip)( i:zn ! ’ako ) <Z;’°:o2 Pt )
n p\1/p
< O (Sazp2en 0 (SR al)) T < oo

which implies that g € H*.
(iii) and (iv) can be proved using Theorem 3.2 and Theorem D of [17] and
arguments similar to those used in the proof of (ii). We omit the details. [J

Proof of Theorem [7]. Suppose that 2 < p < co. Take a positive number ¢
such that 0 < e < % — % and define

f(z)zz ! 2, zeD.

1
=0 k;-ﬁ-e
Using Proposition we see that f € Dz_l. Also, it is easy to see that there
exist rg € (0,1) and C' > 0 such that

N|=

1_e
P

1
(6.4) Mo (r, f) ZC<log1_T> , ro<r<L

Arguing as in the proof of Theorem 2.1 of [I7], we see that for any g €
Hol(D) given by a power series with Hadamard gaps, we have

Jo( = 2P~ Hg (2) P £ (2) [P dA(2)
1 —1 7Pl 1\ lopE
> C’fTO(l — )P MY (r, g') (log ﬁ) dr.

Then, if if we let g be the function constructed in Lemma [3| with 5 =
£ —1 — pe, we have that

Jo =12~ g (2)IPIf ()P dA(z) = oo,
which together with part (i) of Theorem |C| gives that g ¢ M(D)_,). This
finishes the proof. [J
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7. COMPACT MULTIPLIERS OF D£_1

This section is devoted to prove Theorem |8, We shall use the following
lemma.

Lemma 4. For every p € (0,00) there exist two positive constants C1(p)
and Cy(p) such that

C1 < HanDg_l <y, forallmeN.

Proof. Let I'(.) and B(.,.) be the classical gamma and beta functions. Using
Stirling’s formula we obtain

12" = Cn? fy rtn=DPH (1 — )Pt dr

=Cn?B((n—1)p+2,p)
I((n—1)p+2)T
_ Cnp Pl et
= Cnp((n—l)er?)("_l)”%
A (np+2)"7+ 5

= C.

O

Proof of Theorem @ Suppose that g € Hol(D), g # 0, and that M, is a
compact operator from Dg_l to itself. Say that g has a zero of order N > 0

at 0 and let h be defined by g(z) = 2V h(z) (z € D). By Lemma

n+NH’D;’_ < 00,

(7.1) sup ”ganD’ll = sup th
neN p neN 1

which, since M, is compact and the sequence {2"}, . converges uniformly to
zero on compact subsets of D, gives that there exists an increasing sequence
of natural numbers {ny}, such that

(7.2) Jim HhZNH%HDg_l = 0.
Notice that h € D£—1 and then, by the dominated convergence theorem, we
have that
(7.3) limyg oo fp [2[POVF0 R/ (2)P(1 — |2|2)P~ L dA(z)
= Jplim_oo ([2[POVFO|R! (2)|P(1 — |2|2)P~Y) dA(2) = 0.
Joining and , we deduce that

(N + )2 h(2)[P(1 — [2])PH dA(2) = 0

lim [ |
k—oo Jp

or, equivalently,
1
: P p(N+ni—1)+11 _ \p—1psp _
(7.4) kh_}n(}o(N—i-nk) /0 r (1 =r)P""ME(r,h)dr = 0.

Since h(0) # 0, there exists a positive constant C' such that
MP(r,h) >C, 0<r<l1



MUTLIPLIERS AND INTEGRATION OPERATORS ON DIRICHLET SPACES 33

and then (7.4]) implies

1
lim (IV + nk)p/ pPNF=DF+ () =L = Jim |2V 5% g = 0.
k—o0 0 k—oo p—1

This is in contradiction with Lemma 4 Thus g must be identically 0. O
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